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Small-scale clumps of dark matter are gravitationally bounded structures that have masses compa-
rable to or lower than stellar masses and consist of noninteracting or weakly interacting dark matter
particles. In this paper, the current knowledge about the formation and evolution of such structures
is reviewed, various types of spectra of primordial cosmological perturbations are considered, and
various dark matter models are discussed. Depending on the particular spectrum type, dark matter
clumps may differ considerably in their formation processes and ultimate characteristics. The role of
clumps in experiments on indirect detection of dark matter particles via their annihilation products
is discussed. A number of astrophysical problems and phenomena that are related to dark matter
clumps are examined.
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1. INTRODUCTION
Modern cosmology (see monographs [1-5], review [6],
and historical overview [7]) studies the most fundamental
problems of the origin of our Universe by combining the
physics of elementary particles and quantum field the-
ory, especially as regards studying the very early epochs.
The inflationary paradigm as part of quantum cosmology
should be specially mentioned here. This paradigm offers
elegant solutions to several cosmological problems simul-
taneously, but the specific model of inflation remains to
be chosen. The study of the nature of dark matter and
dark energy that are present in the Universe is another
important field of modern cosmology. The importance
of these substances of an unknown nature is dictated by
their dominance, 95% of the mass in the modern Uni-
verse: dark energy and dark matter (also called “hidden
mass”) respectively provide about 68.3% and 26.8% of
the total mass, while ordinary baryonic matter (stars,
interstellar and intergalactic gas) contributes only about
4.9%. The nature of fields that form dark energy and
dark matter particles remains unknown. As in the case
of the inflationary paradigm, many theoretical models
have been offered for dark energy and dark matter, but
it is unclear which of them will be viable in the future
and whether there is a true model among them that is
realized in “our Universe”.
The energy-dominating substance at present, dark en-
ergy, was discovered by analysing the accelerating ex-
pansion of the Universe inferred from remote type-Ia
supernova observations [8-10]. Later, its existence was
confirmed by independent measurements of cosmic mi-
crowave background (CMB) fluctuations and other ef-
fects. Some scalar fields that remain from early epochs or
the energy of quantum fluctuations of the vacuum could
provide an explanation of dark energy. In this review,
we focus on the cosmological epochs in which dark en-
ergy effects were negligible.
The problem of dark matter, which is the main topic of
this review, has good chances to be solved in the nearest
future. Dark matter particles, incident on Earth from
space, can be registered by the existing and future detec-
tors, or can be produced in collider experiments (at the
Large Hadron Collider, first of all). There is little doubt
that dark matter does exist in the Universe. Dark matter
explains the shape of the rotation curves of spiral galax-
ies, the dynamics of stars in elliptical galaxies, high gas
temperatures in the halos of galaxies and galaxy clusters,
and the motion of galaxies in small groups and in clus-
ters. The presence of dark matter reconciles the results
of primordial nucleosynthesis calculations with the ob-
served elemental abundances by taking CMB anisotropy
measurements into account. Only with dark matter is
it possible to explain the stability of galactic discs and
their spiral structure. The distribution of dark matter
can be “mapped” using strong and weak gravitational
lensing observations: the appearance of multiple images
of galaxies and their shape distortions [11], including in
colliding galaxy clusters (the Bullet Cluster, etc.). Al-
though the nature of dark matter is unknown, the in-
flationary paradigm offers a natural model for generat-
ing density perturbations from which dark matter halos
formed at later stages; ordinary baryonic matter cooled
and streamed toward the centers of these halos. This
process led to the formation of galaxies, stars, planets,
and ultimately life.
Reviews of possible particle candidates for dark matter
and methods for searching fort hem can be found, e.g., in
[1,12]. Weakly interacting massive particles (WIMPs) are
most frequently considered to be the likely dark matter
candidates. They could have formed in the early Uni-
verse in a number suitable to explain the observed dark
matter. Among these particles, the neutralino — the
lightest supersymmetric particle?is very popular [13,14].
Other candidates include sterile neutrinos [15,16], axions
[17], gravitinos [18,19], superheavy particles [20-23], and
primordial black holes (PBHs) [24, 25].
The discovery of the light Higgs boson with the mass
mH ≃ 125 GeV [26-28] has strengthened the status of the
neutralino as the dark matter particle. The existence of
a light Higgs boson, heavy Grand Unification particles,
and supergravity are contradictory in principle because
radiation diagrams (loops) predict the mass of the light
boson δm2H ∼ (α/π)Λ2, where α is the coupling constant
and Λ ∼ 1016 GeV is the Grand Unification scale. Su-
persymmetry elegantly solves this problem by providing
compensation to radiation diagrams, and no simpler and
more elegant solution is known in the theory. If the light
Higgs boson with a mass mH < 130 GeV had not been
discovered, the existence of supersymmetry would have
been in doubt. The discovery of the light Higgs boson
with the mass mH < 130 GeV involves supersymmetry
as the simplest and most natural explanation for its small
mass. Supersymmetry is assumed to be broken using so-
called soft terms in the Lagrangian, which are described
by at least five free parameters. The fixed mass of the
Higgs boson imposes constraints on these parameters and
those of the Grand Unification, as well as on the masses
of supersymmetric scalar particles (sparticles). The su-
persymmetric particles and the lightest particle among
them, the neutralino, have not been discovered so far
3in the ATLAS (A Tororidal LHC Apparatus) and CMS
(Compact Muon Solenoid) experiments at LHC, possi-
bly not because these particles are too heavy but due
to the weakness of their interaction. Future measure-
ments with increasing fluxes of these particles will likely
uncover supersymmetric particles (see the discussion of
Higgs particles and supersymmetry after the discovery of
the Higgs boson in [29]).
The direct registration [30,31] or production of dark
matter particles in accelerator experiments can provide
the most reliable information on their nature; however,
indirect methods of searching for them (for example, us-
ing their annihilation products and other effects) should
also be appreciated, for two reasons. First, there is no
guarantee as yet that dark matter particles will be di-
rectly detected in the foreseeable future. Second, if dark
matter particles are directly detected successfully, many
“applied” problems will arise regarding the role of these
particles in astrophysics, the influence of these particles
and their annihilation and decay products on the com-
position of cosmic rays, the state of interstellar matter
in the past and now, and other astrophysical processes.
This means that many questions that are currently be-
ing considered in connection with the indirect detection
of dark matter particles will be treated at a new level
(with the already known dark matter particles).
From the standpoint of indirect detection, searches for
signals (first of all, photons) from dark matter particle
annihilation seem to be the most promising. If dark mat-
ter particles can annihilate, the efficiency of this process
is mainly determined by the dark matter density. The lo-
cal annihilation rate is proportional to the square of the
particle number density, and therefore the signal from
dense clumps can be higher than from the diffusive dark
matter component. For example, dark halos of galaxies,
which were formed from primordial density perturbations
several billion years ago, can have a higher density than
the average matter density in the Universe. At the time
of writing this review, the most distant galaxy was dis-
covered by the Hubble Space Telescope at the redshift
z ≈ 11.9 (without spectroscopic confirmation), which
means that the Galaxy was formed when the age of the
Universe was 380 mln years (after the Big Bang, or since
the end of the inflation stage), when the reionization of
the Universe had not yet completed. But even at earlier
times, protogalaxies should have been formed: the ‘build-
ing blocks’ of galaxies, which are similar to present-day
dwarf galaxies. The character of dark matter cluster-
ing, the mass and formation time of these ‘blocks’, and
the efficiency of their merging and mass increase due to
the accretion of external matter depend primarily on the
density perturbation spectrum. According to the most
reliable model, perturbations were generated at the in-
flation stage from quantum fluctuations. Recently, the
fluctuation spectrum was measured with high accuracy
by the WMAP (Wilkinson Microwave Anisotropy Probe)
[32] mission and the Planck space observatory [33]. How-
ever, the telescopes from these space missions can mea-
sure the perturbation spectrum only on very large scales.
According to the inflationary paradigm, the spectrum of
primordial perturbations extends to much smaller scales,
which are bounded from below by the cosmological hori-
zon scale at the end of inflation (the mass of dark matter
on this scale is about ∼ 10−17 g). This means that al-
ready before the formation of protogalaxies, clumps of
dark matter with masses much smaller than the Solar
mass could have been formed. These clumps are the
first structures that emerged in the Universe. Small-scale
clumps of dark matter and their role in astrophysics are
considered in detail in this review. For brevity in what
follows, we refer to these small-scale clumps of dark mat-
ter simply as clumps.
We can visualize a clump as a sufficiently loose “cloud”
of moving dark matter particles that are bound by grav-
itation forces but do not fall onto a common center be-
cause of their angular momenta. The clump has an al-
most spherical shape and is in a quasistationary state if
tidal forces from other objects or density perturbations
are absent. The slow evolution of the internal structure
of clumps can be due to weak gravitational perturba-
tions, the binary scattering of particles, or annihilations
of particles. The slow accretion of dark matter parti-
cles onto clumps from the surrounding diffuse compo-
nent tends mainly to increase the effective radius of the
clumps. Rapid and strong restructuring of clumps can
be due to gravitational impacts of interacting clumps or
collisions with stars. In certain cases, a clump can cap-
ture another clump or, just the opposite, can be captured
by a larger clump. The boundary between the slow ac-
cretion of dark matter particles and the process of grav-
itational capture of small clumps (coalescence of clumps
with strongly different masses) is somewhat conventional,
but can be described by the generalized Press–Schechter
formalism [34].
We briefly discuss the terminology. In the English–
language literature, dark matter clumps are usually re-
ferred to as “clumps”, “DM objects” (dark-matter ob-
jects), “halos”, “minihalos”, or “microhalos”. The last
three terms stress that in many respects, clumps are di-
minished analogs of large dark matter halos in galax-
ies. Indeed, by neglecting gas-dynamic processes with
baryons occurring in galaxies, the equations of gravi-
tational dynamics and principal formation processes of
small-scale clumps and galactic halos are basically the
same and differ only by the characteristic scales and the
form of the perturbation spectrum at these scales. At
small scales, the spectrum flattens, leading to rapid ag-
gregation of clumps: the formation of large-scale clumps,
with the characteristic time of this clustering being of the
order of the formation time of the internal density profile
in the clumps. By contrast, during the hierarchical clus-
tering on galactic scales, the objects with density profiles
already formed coalesce more frequently.
The formation and evolution of small-scale clumps
have been studied in many papers [35-51] (see [52] for a
short review of some aspects of the clump problem as of
42009). In some papers (see, e.g., [53]), a phenomenolog-
ical approach has been used, which postulates the pres-
ence of clumps in some fraction of dark matter with a
certain density profile and other free parameters, but un-
related to the specific density perturbation spectrum.
The mass spectrum of clumps is bounded by some
minimum mass Mmin depending on the properties of
dark matter particles and their interactions with cosmic
plasma in the early Universe at the radiation-dominated
stage [54]. The formation of clumps with minimal masses
occurs not due to the coalescence of smaller-scale objects
but from individual density fluctuations without signif-
icant internal inhomogeneities (substructures). Hence,
clumps with minimal masses, as well as those emerging
from the perturbation spectrum with a high peak, can be
segregated into a separate class of clumps to which the
analytic model in [55-57] can be applied.
The mass Mmin is model dependent; the value of
Mmin for the neutralino in the Minimal Supersymmet-
ric Standard Model (MSSM) can range from 10−11M⊙
to 10−3M⊙ [41,42,46,58,59]. The minimal clump mass
(the mass spectrum cutoff) Mmin is determined by colli-
sional and collisionless decay processes (see, e.g., [41] and
the references therein). Additionally, the mass spectrum
cutoff can be affected by acoustic waves [60] during the
kinetic decoupling of dark matter particles [61], as well as
by perturbation modes with the horizon scale [62]. Cal-
culations [46] showed that to flatten small-scale perturba-
tions, friction between dark matter particles and cosmic
plasma, similar to the Silk effect, is important. Uncer-
tainties in estimates of the minimal clump mass are due
to uncertainties in the neutralino models involving free
parameters. A clump wit a minimal massM ∼ 10−6M⊙,
which is obtained for the most likely supersymmetry pa-
rameters for the primordial power-law perturbation spec-
trum with the exponent ns = 0.96 derived from the CMB
data, has the following characteristic parameters. The
first dark matter objects, which in this case are formed
at the redshift z ∼ 60 (for 2σ-perturbations) with the
mean density ρ¯ = 2.6 × 10−23 g cm−3, have the virial
radius R = 8.6 × 10−3 pc and the internal velocity dis-
persion v = 71 cm s−1.
The evolution of clumps in general should be studied in
the hierarchical framework, which takes coalescence and
aggregation of clump into account. Tidal interactions
play a fundamentally important role in these processes,
because tidal forces destroy most clumps at the early
stages of hierarchical structure formation [39]. Clumps
that survive the early hierarchical stage are further de-
stroyed by collisions with stars in galactic bulges, halos,
and discs. In this review, we show that the collective
gravitational field of the disc has a much stronger effect
than the total contribution of individual nearby stars.
In the foreseeable future, there is hope to directly
register gamma-ray fluxes from particle annihilations in
clumps. It is virtually impossible to observe small-
scale clumps (they collectively contribute to the diffuse
gamma-ray background), but sufficiently large clumps
can be observed, in principle, as individual sources: they
can form bright spots in the X-ray and gamma-ray sky
[63-65]. The contribution of clumps to the annihilation
signal is characterized by the enhancement coefficient, or
the boost factor, which is by definition equal to the ratio
of the signal with account for dark matter clumping to
that from diffusively distributed dark matter.
Theoretical studies of dark matter halo formation
[55-57,76] predict power-law internal density profiles
ρint(r) ∝ r−β with β ≃ 1.8 − 2. The density profiles
obtained in numerical simulations (Navarro-Frenk-White
(NFW) profiles and Moore et al’s profiles [77]) have a
similar divergent central density with β = 1. A result
close to the isothermal power-law profile with β ≃ 2 was
obtained in numerical simulations of small-scale clumps
[77]. In [51], it was found that if a clump results from
hierarchical clustering, then its density profile coincides
with the NFW one. If a clump is formed from an isolated
density perturbation (including minimal-mass clumps),
its density profile has a central core with β ≃ 1.4. This
means that the singular profiles that have not experi-
enced collisions have central profiles closer to those of
Moore et al and Gurevich–Zybin [55-57].
The increase in the density ρint(r) in the clump center
as r → 0 is limited by the total (integral) clump mass and
especially by the finite value of the annihilation signal:
Qann(r) ∝
∫
dr r2ρ2int(r). (1)
For density distributions with β > 1.5, the presence of
the central core is physically necessary, i.e., the core must
exist in a wide class ofmodels. Most frequently, the core
is postulated in the form rint ρint(r) = const for r < rc.
Different physical mechanisms can be responsible for the
formation of the central part (core) of clumps during their
formation and evolution. It cannot be ruled out that
these mechanisms are different for clumps with different
masses formed under different conditions. The structure
of the clump core is possibly determined by small-scale
density and velocity inhomogeneities inside the forming
clump; this problem was studied for galaxies in the frame-
work of the entropy theory [78,79]. A theoretical esti-
mate of the clump core radius can be obtained using the
energy criterion: xc ≡ Rc/R ≃ δ3eq, where δeq is the
density perturbation amplitude at the beginning of the
matter-dominated cosmological stage [57]. In application
to clumps with a minimal mass ∼ 10−6M⊙ formed from
2σ-peaks (δeq ≃ 0.017) in the spectrum, this estimate
yields xc ≃ 1.8×10−5. It cannot be ruled out either that
the core size or, at least, the characteristic scale of the
density profile change β is also determined by tidal forces
[39]. There is an alternative core formation mechanism in
models with “metacold dark matter”, in which the core
appears due to the late decay of dark matter particles
into light nonrelativistic particles with low phase density
[80,81].
The low spatial resolution of numerical simulations
currently prevents the determination of the core radius.
5The only example pointing to the presence of a core with
a radius xc ≃ 10−2 was obtained in calculations in [77].
However, in the simulations in [82], the core was not re-
solved down to the relative radius xc ≃ 10−3, to which
the power-law density profile with β = 1.5 extends. New,
dedicated high-resolution modeling is required to solve
this problem.
In [40], the conclusion was made that almost all small-
scale clumps in the Galaxy are destroyed by tidal interac-
tions with stars and are transformed into “ministreams”
of dark matter. The properties of ministreams can be
important for the direct detection of dark matter parti-
cles, because dark matter particles in the streams move
anisotropically in different discrete directions. However,
as shown in [83], cores of clumps (or clump remnants)
generally survive in tidal interactions with galactic stars.
Although the external layers of clumps are “stripped off”
and produce dark matter ministreams, their cores are
shielded by the adiabatic invariant conservation and con-
tinue to produce the annihilation signal. Most of the an-
nihilation signal power is generated in the central parts
of the clumps, and therefore the total annihilation flux is
weakly affected by the tidal destruction process [37,43].
This statement is critically dependent on the unknown
core radius: cores with smaller sizes are more stable, be-
cause dark matter particles there have higher orbital fre-
quencies and, accordingly, higher values of the adiabatic
parameter. The clump remnants form a low-mass “tail”
of the standard mass function for masses below Mmin.
In addition to the “standard” clump formation sce-
nario, hypothetical models have been proposed in
which super-dense clumps are formed at the radiation-
dominated stage from entropy [84-87] and adiabatic [88]
density perturbations, taking restrictions from primor-
dial black holes into account. Entropy perturbations, for
example, can be produced by loops of cosmic strings. Su-
perdense clumps are interesting from the standpoint of
annihilation of superheavy dark matter particles, because
their small annihilation cross section can be compensated
by the high density of the clumps. Therefore, ultra-high
energy annihilation signals become possible. In this case,
new effects can appear that determine the central den-
sity core formation in superdense clumps, such as Fermi
degeneration of superheavy dark matter particles in the
cores of such clumps. The superdense clumps can be reg-
istered by the tidal effects they produce on gravitational
wave detectors. In this review, we consider the formation
of superdense clumps in much detail, because this prob-
lem has not been analysed sufficiently in the literature.
2. SMALL-SCALE SPECTRUM OF DENSITY
PERTURBATIONS
The presence of matter inhomogeneities at small scales
in early epochs is a necessary condition for the forma-
tion of small-scale clumps. Galaxies and other struc-
tures form from density perturbations δ(~x, t) = δρ/ρ¯ =
[ρ(~x, t)−ρ¯]/ρ¯, which generally can be adiabatic perturba-
tions, entropy perturbations, or a mixture of both. Adia-
batic perturbations are also referred to as curvature per-
turbations because the local curvature in such a pertur-
bation differs from the mean curvature of the Universe.
Entropy perturbations represent another possible type of
perturbation. These include dark matter perturbations
on top of a homogeneous radiation background. The ef-
fect of entropy perturbations on the space curvature is
typically insignificant, and they are usually called isocur-
vature perturbations. According to CMB observations,
the statistical distribution of adiabatic perturbations is
Gaussian with high accuracy, and the contribution of en-
tropy perturbations to the total perturbation amplitude,
if present, does not exceed a few percent.
We briefly discuss the perturbation statistics. The
Fourier transform
δ~k =
∫
δ(~r)ei
~k~x d3x (2)
is characterized by a power spectrum P (k),
〈δ∗~kδ~k′〉 = (2π)
3P (k)δ
(3)
D (
~k − ~k′), (3)
where ∗ denotes complex conjugation, k is the wave vec-
tor, δ
(3)
D (
~k−~k′) is Dirac’s delta function, and the angular
brackets mean ensemble averaging, i.e., averaging over a
large number of spatial volumes. The power spectrum
P (t, k) at an arbitrary time instant t is related to the
initial power spectrum Pp(k) (at superhorizon scales) as
P (t, k) = Pp(k)T
2(k)D2(t), where T (k) is the transfer
function and D(t) is the linear growth factor (see, e.g.,
[89, 90]). For small-scale modes, we have T (k) ≃ (keq/k)2
for keq/k ≪ 1 with the logarithmic accuracy. The rms
density perturbation σ(R) = 〈δ2〉 on a scale R is ex-
pressed in terms of P (k) as
σ(R) =
1
2π2
∞∫
0
k2 dk P (k)W 2(k,R), (4)
where W (k,R) is the Fourier transform of the window
function [89].
The statistical properties of forming structures are con-
sidered using two basic approaches: (1) by counting the
number of peaks with certain characteristics [89]; (2) in
the framework of the Press–Schechter formalism and its
generalizations (see [34, 91, 92]). The second approach
deals with the fraction of the dark matter mass contained
in objects with a given mass scale. A generalization of
these two approaches, and in some sense their synthesis,
the so-called “peak-patch picture”, was developed in [93].
2.1. Generation of adiabatic perturbations at the
inflation stage
In the inflation theory, curvature perturbations are
generated from quantum fluctuations of a scalar field.
6The amplitude of the latter, |δφ| = H(φ)/2π, is con-
nected with the Hubble parameter H(φ) = a˙/a during
the inflation stage [2], where a(t) is the scale factor of
the Universe. The density perturbations at the horizon
crossing time are given by
δH ∼M−3Pl V 3/2/(dV/dφ), (5)
where MPl is the Planck mass and V (φ) is the poten-
tial of the scalar field (inflaton) that is responsible for
the inflation. The simplest inflation models give a nearly
flat perturbation power spectrum P (k) ≡ δ2k ∝ kns and
ns ≃ 1. However, some tilt of the spectrum is usually
predicted, which is fundamentally important for small-
scale clump formation, because even a small tilt can
significantly change the perturbation amplitudes on low
mass scales. The difference between ns and unity is
expressed in terms of the slow-roll inflation parameters
ε = (V ′/V )2/(16πG) and η = (V ′′/V )/(8πG), where G
is the gravitational constant, as follows:
ns = 1− 6ε+ 2η. (6)
In the R2-model by Starobinsky, ns ≃ 1− 2/N , where N
is the number of e-foldings (increases in the scale factor
by e times) since the beginning of the generation of these
perturbations until the end of inflation. The value of ns
in the inflation model has not been precisely fixed yet; as
well as the common normalization constant, ns is deter-
mined from the CMB anisotropy measurements and the
inhomogeneities of matter distribution in the Universe.
Observations thus constrain possible inflation parameters
[94].
Immediately after the end of inflation, the perturba-
tions (on the scales considered here) have a size greatly
exceeding the cosmological horizon, but as the horizon
increases ∼ ct, they enter under the horizon at some in-
stant of time. To investigate perturbations with scales
larger than the horizon size, it is necessary to solve the
linearized Einstein equations [2]. Using them, it is possi-
ble to match the solutions (and the initial conditions) on
subhorizon scales. The perturbations that are deep inside
the horizon can be studied using the Newtonian equa-
tions (taking the potential of a homogeneous relativistic
background into account), but setting the initial condi-
tions does require solving the linearized Einstein equa-
tions. At the radiation-dominated stage, small adiabatic
perturbations (those on the linear stage), δ ≪ 1, grow
slowly on subhorizon scales, δk ∝ ln(t/ti) + const, and
after the transition to the dust-like stage, t > teq, they
start increasing rapidly as δk ∝ t2/3.
2.2. Normalization of the perturbation spectrum
from observational data
The normalization constant in perturbation spectra is
frequently chosen from the requirement that the rela-
tive mass fluctuations on the scale 8h−1 Mpc correspond
to the value σ8 ≃ 0.82, which is directly obtained from
galaxy and galaxy cluster counts. An alternative method
of spectrum normalization, which is nonetheless consis-
tent with the above, is based on referencing to CMB fluc-
tuations, because they are closely related to dark matter
density fluctuations.
According to the CMB anisotropy data, it is convenient
to normalize the curvature perturbation spectrum [2] as
PR = AR
(
k
k∗
)ns−1
, (7)
where k∗/a0 = 0.002 Mpc
−1, a0 is the present-day
value of the scale factor, AR = (2.46 ± 0.09) × 10−9,
and ns = 0.9608 ± 0.0080 according to the WMAP
data [32] and ns = 0.9608 ± 0.0054 according to the
Planck data [33]. Here, the typical perturbation am-
plitude is ∆R ≃ 5 × 10−5. With only low multipoles
used in the CMB power spectrum, the WMAP data
[32] correspond to the constant ns with an accuracy
dns/d ln k = −0.019±0.025, but taking higher multipoles
into account shows a (presently statistically insignifi-
cant) tendency of decreasing ns toward small scales,
dns/d ln k = −0.022+0.012−0.011. The Planck data [94] also
point to a statistically insignificant (at a level of 1.5σ)
decrease in ns, dns/d lnk = −0.0134 ± 0.0090. If such
a decrease actually takes place, small-scale clumps form
with a smaller efficiency than for the constant ns ≈ 0.96.
The rms amplitude of density perturbations normal-
ized to the CMB data on the horizon scale at the
radiation- dominated stage has the form [95]
σH(M) ≃ 9.5× 10−5
(
M
1056 g
) 1−ns
4
. (8)
For ns < 1, the mean amplitude of perturbations de-
creases with decreasing the mass. Nevertheless, clumps
can be formed before galaxies due to the transfer function
T (k), which for not too small ns leads to an rms pertur-
bation increase with decreasing the mass. For estimates,
it is useful to write the mean value of perturbations on
scales M ≤M⊙ at the time of transition to the dust-like
stage teq:
σeq(M) ≃ 8.2× 103.7(ns−1)−3
(
M
M⊙
) 1−ns
6
×
[
1− 0.06 log
(
M
M⊙
)] 3
2
. (9)
It can be seen that for ns ≈ 1, the logarithmic term in
the transfer function is very important.
It should be borne in mind that the use of the spectrum
normalized to the CMB data assumes a huge extrapola-
tion, by more than 15 orders of magnitude. Such an
extrapolation is justified for inflation models that give
power-law spectra in a wide range of scales. However,
strictly speaking, the predictions of inflation models for
small scales have not been confirmed by observations so
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Figure 1. Schematic view of a local maximum in the primor-
dial density perturbation spectrum.
far. Therefore, to a large extent, the shape of the spec-
trum remains a “free parameter”. If the existence of
small-scale clumps is confirmed (for example, by obser-
vations of dark matter particle annihilation), the clump
properties can allow determining the shape of the per-
turbation spectrum on small scales and studying the pro-
cesses of perturbation generation at the inflation stage.
For example, it will be possible to fix parameters in the
Lagrangians of the specific field models.
2.3. Perturbation spectra with peaks
Although the perturbation spectrum is sufficiently well
known on the scales of galaxies and galaxy clusters, a
nonstandard form of the spectrum cannot be ruled out
on small scales, deviating from the simple power-law de-
pendence and possibly containing local maxima or nar-
row peaks. As we can see from (5), an increase in δH
is possible if the inflation potential V (φ) has a flat part
[24, 96], i.e., if dV (φ)/dφ→ 0 at some value of the scalar
field φ. The increase in δH can occur inside a wide region
or in several regions. The clumps are formed in a broad
mass range if the primordial perturbation spectrum has
a power-law shape or there is a broad maximum in the
spectrum. On the other hand, if the flat part of the
potential is local, the clumps are formed near the corre-
sponding mass. We note that outside these regions, the
spectrum can remain close to the Harrison-Zeldovich one
(Fig. 1) and lead to the formation of galaxies and galaxy
clusters in the standard way.
A peak at the minimal scale produces clumps with the
highest dark matter density in the Universe. The discov-
ery of such clumps could provide invaluable information
on the inflation potential. The presence of peaks can also
lead to a more effective formation of PBHs with narrow
mass distribution [24, 97]. Inflation models with sev-
eral scalar peaks represent another class of models pro-
ducing spectra with peaks [98, 99]. Theoretical models
of non-standard spectra were discussed, in particular, in
[100-102]. An interesting mechanism in which the gener-
ation and amplification of perturbations is possible, in-
cluding the appearance of spectra with peaks, is provided
by cosmological phase transitions, for example, the quan-
tum chromodynamics (QCD) transition at a temperature
∼ 150 − 200 MeV (the time instant ∼ 10−5 s) [35, 37].
During the QCD transition, the equation of state of mat-
ter becomes softer (the ratio w = p/ρ decreases), and per-
turbations grow more efficiently. However, in the model
with a standard (m ∼ 100 GeV) neutralino, the peak
corresponding to the QCD transition is somewhat flat-
tened in the subsequent evolution due to free-streaming
and the corresponding spectral cutoff [62].
2.4. Entropy perturbations
Entropy perturbations can be generated, in particu-
lar, in axion dark matter and lead to the formation of
axion miniclusters [84, 85, 104]. Primordial black holes
and various topological defects can also generate entropy
perturbations. The nature of these perturbations can be
illustrated as follows. We consider a point-like object
with a mass Mc on the background of homogeneously
distributed dark matter. We encircle this object by a
sphere containing dark matter with a mass M . Then the
effective value of perturbations within the volume of the
sphere is δ = Mc/M , where δ is obviously dependent on
the sphere radius and decreases as the radius increases.
For the motion of test particles at the spherical bound-
ary, only the mean value of δ is important, and the spe-
cific density distribution of dark matter inside the sphere
does not matter, according to the Kirchhoff theorem, if
the density distribution is spherically symmetric. Per-
turbations produced by a seed mass evolve according to
the ‘secondary accretion’ mechanism [76, 105, 106]. For
example, PBHs or their clusters or cosmic string loops
can serve as seed masses.
Strongly nonspherical perturbations, which have an
entropy nature, can be generated by infinite cosmic
strings or textures [107]. From the standpoint of the evo-
lution of perturbations, the difference between entropy
perturbations and adiabatic perturbations is in the ab-
sence of relatively large initial peculiar velocities of dark
matter particles in the entropy perturbations.
2.5. Constraints from primordial black holes
The adiabatic perturbation spectrum is bounded by
the effect of PBH formation in the early Universe, be-
cause, for a sufficiently large number of perturbations,
an inadmissibly large number of PBHs would be created,
in contradiction to observational constraints.
The possibility of a collapse of a small mass in gen-
eral relativity (GR) and the creation of BPHs was first
discovered in [108], and later PBH formation at the
radiation-dominated stage was studied in many papers
8(see, e.g., [109-112]). In fact, photons and a mixture of
relativistic particles collapse into PBHs. The formation
of PBHs is also possible at the early dust-like stages [113].
PBH studies became especially relevant after the Hawk-
ing quantum evaporation was suggested, which can lead
to high-energy gamma-ray emission at the final stages of
evaporation. The observational absence of such sources
strongly constrains the density perturbation spectrum at
a mass scale corresponding to evaporating PBHs [114].
The threshold perturbation value δth = 1/3 leading to
the formation of a PBH was found analytically in [110],
and numerical simulations [111, 112] approximately con-
firmed this value, although they indicate a more com-
plicated character of the gravitational collapse than was
assumed in the simple model in [110]. Subsequent nu-
merical experiments discovered the phenomenon of crit-
ical gravitational collapse, when the mass of the forming
PBH is MBH = AMH(δH− δth)γ [115, 116], where A ∼ 3,
γ ≃ 0.36, δth ≃ (0.65÷0.7), andMH is the mass of matter
inside the horizon. The mass MBH can be significantly
smaller than MH; however, the PBH mass distribution is
concentrated near MBH ∼MH [117].
We set ∆H ≡ 〈δ2H〉1/2. The fraction of the mass of
radiation transformed into a PBH at the time instant tH
is expressed as [110]
β =
1∫
δth
dδH√
2π∆H
exp(− δ
2
H
2∆2H
) ≃ ∆H
δth
√
2π
exp(− δ
2
th
2∆2H
),
(10)
and the present-day PBH density parameter is ΩBH ≃
βa(teq)/a(tH). The above relations allow imposing
bounds on ∆H from observational constraints on PBHs
[118]. Constraints on the perturbation spectrum, in turn,
impose bounds on the parameters of the clumps being
formed (see Section 3.3).
3. CLUMP FORMATION SCENARIOS AND
MODELS
There are two basic methods to study the process of
formation and clustering and the internal structure of
clumps: numerical modelling and the use of approxi-
mate analytic models. Analytic approaches, in historical
sequence, were developed in [55,56,76,106,119], and the
fundamentally important results in numerical modelling
were obtained in [105, 120-123], where the formation of
galaxies and large-scale structures was mainly studied.
Numerical methods are permanently improving by in-
creasing the spatial resolution and the time-scale range.
It is expected that in the nearest future, numerical mod-
elling will improve our knowledge of processes involving
clumps. However, analytic calculations, which remain
(and will remain in the future) the necessary link in for-
mulating numerical problems, are important for a quali-
tative understanding of both physical processes and the
results of numerical simulations. In this section, we dis-
cuss some analytic approaches, in the order of increas-
ing complexity and detail. For a more detailed discus-
sion of the theory of structure formation in the Universe,
without an accent on the small-scale clumps of inter-
est here, we can recommend concise introductory courses
[124,125].
3.1. Spherical model of the evolution of
perturbations
Let there be an isolated positive density perturbation
δ(~r), a protohalo. The clump is detached from the cosmo-
logical expansion at the time of transition of fluctuations
to the nonlinear stage, growing to δ ≥ 1. Starting from
that instant, the clump is compressed by its own gravity
with a small correction due to tidal forces from nearby
perturbations. In the first approximation, the protohalo
can be considered a spherically symmetric object [34,91].
Because of a fairly simple evolution, this approximation
proves to be very useful, it suffices to understand basic
processes and to obtain quantitative estimates.
We first write the very general equation for the evolu-
tion of a spherical layer with a radius r on scales much
smaller than the horizon scale, r ≪ ct. Let the mass of
dark matter inside this layer be M . The contribution
of the pressure of relativistic density components to the
energy-momentum tensor can be taken into account in
the Newtonian equations by substituting ρ → ρ + 3p/c2
[126,127]. Then the evolution of the layer radius is de-
scribed by the equation
d2r
dt2
= −G(MBH +M)
r2
− 8πGρrr
3
+
8πGρΛr
3
(11)
Equation (11) takes into account that εr + 3pr = 2εr
for radiation and εΛ + 3pΛ = −2εΛ for the cosmolog-
ical constant, where εr and pr are the energy density
and pressure of radiation, and εΛ and pΛ are the energy
density and pressure of the cosmological constant. For
generality, the possibility of the presence of a seed mass
MBH, for example, the mass of a central black hole, is
taken into account.
We first consider the scenario of clump formation at the
matter-dominated stage. The small-scale perturbations
we consider are formed at z ≫ 1 (t≪ tΛ), when the dark
energy contribution to the total density of the Universe
can be neglected. The initial conditions for (11) are set
from the linear theory of perturbation growth, according
to which dark matter perturbations grow as [2]
δ(k, z) ≃ 27
2
Φi(k)
1 + zeq
1 + z
ln(0, 2kηeq), (12)
where Φi is the gravitational potential at the time the
perturbation scale was much larger than the cosmologi-
cal horizon. The distribution of Φi can be obtained from
(7). The power spectrum of the potential is described by
a formula similar to Eqn (7), but with AΦ = (4/9)AR [2].
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Figure 2. The mean clump density ρ as a function of its
massM for the spectral power-law exponents ns (marking the
curves), calculated in the framework of the simple spherical
model at the dust-like stage.
Although it is possible to use δ ≃ δeq(t/teq)2/3 for esti-
mates, expression (12) gives a more precise result because
the transition to the dust-like stage with the equation of
state p = 0 takes some time.
At t ≫ teq, the nonlinear stage of the evolution of
perturbations is described by Eqn (11) without the last
two terms in the right-hand side and with MBH = 0:
d2r
dt2
= −GM
r2
. (13)
The initial expansion rate of the layer is smaller than
that of the Hubble expansion due to the presence of pe-
culiar velocities directed toward the center of the per-
turbation. These velocities can be specified using linear
theory [128], according to which
~v =
Ha
4π
∇x
∫
d3x′δ(~x′)
|~x′ − ~x| . (14)
in a flat universe. Then the initial expansion rate of a
spherical layer at some instant of time ti ≫ teq (but as
long as δ(ti) ≪ 1) takes the form dr/dt(ti) = H(ti)(1 −
δi/3). The solution of Eqn (13) with the initial conditions
as above can be parametrically expressed as [128]
r = rs cos
2 p, p+
1
2
sin(2p) =
2
3
(
5δi
3
)3/2
t− ts
ti
(15)
where ts is the time of the maximum expansion, p is a
parameter, and
ts = ti
[
1 +
3π
4
(
5δi
3
)−3/2]
, (16)
and
rs = ri
(
3
5δi
)
, (17)
is the radius of the layer at the time of maximum expan-
sion. If we assume that the Hubble flow is not perturbed
(this is possible for entropy perturbations at an instant
close to teq), i.e., the correction δi/3 is absent in dr/dt(ti),
then the substitution 5δi/3→ δi should be made in Eqns
(15)-(17) [76, p. 40].
At the instant tc = 2ts, the collapse of the layer to
a point should formally occur, but in the simple model
under consideration we assume that prior to this time,
when the layer is compressed from the radius r = rs
to R ≡ rs/2, the spherical layer is virialized and the
compression stops. The virialization, which represents
the mixing and relaxation of different elements inside
the layer, occurs due to radial oscillations, the presence
of inhomogeneities in the compressing layer, and nonra-
dial motions of matter. These processes take some time;
therefore, the virialization is mainly completed by the
time t ≃ 3ts [125].
If perturbations are also present on larger scales, a fur-
ther increase in the protohalo mass occurs until its co-
alescence with other objects due to the segregation and
virialization of new spherical layers. As a rule, large-
scale perturbations decrease with time, which leads to
collapses at later times. When the zero-energy bound-
ary is reached, where δi = 0, the object growth stops.
After the virialization, the system becomes highly non-
linear, δ ≫ 1, but if the initial density perturbation
can be formally extrapolated to the instant tc using a
linear law, we obtain the perturbation amplitude δc =
δi(tc/ti)
2/3 = 3(12π)2/3/20 ≃ 1, 686. The criterion of
object formation with δ(tc) = δc is used in the Press–
Schechter formalism; the collapse time tc can be found
from here. At this time, the density of the virialized
object is κ = 18π2 ≃ 178 times larger than the mean
density of the universe, ρ¯int = κρ¯(zc), and its radius is
R =
(
3M
4πρ¯int
)1/3
. (18)
The perturbation amplitude is expressed in units of the
rms perturbations ν = δ/σ; typical objects are formed
from perturbations with ν ∼ 1− 2. Frequently, the virial
radius is assumed to equal r200, inside which the dark
matter density is 200 times larger than the mean density
of the universe.
Figure 2 shows the mean clump density ρ obtained us-
ing the above formalism as a function of the clump mass
M for different primordial perturbation spectral expo-
nents ns; we formally assume an arbitrary clump mass
M .
3.2. Spherical model for entropy perturbations
The evolution of entropy perturbations, including at
the radiation-dominated (RD) stage, is studied in de-
tail in [85]. The main difference between entropy per-
turbations and adiabatic ones appears at the radiation-
dominated stage of cosmological evolution. At this stage,
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adiabatic perturbations inside the horizon, as long as
they are small, increase logarithmically, while small en-
tropy perturbations are “frozen” and, according to the
Meszaros solution, increase only by a factor of 5/2 by
the time teq. However, sufficiently large entropy pertur-
bations can evolve and lead to the formation of clumps
already at the RD stage.
Equation (11) for a spherical layer can be conveniently
rewritten in the form [85, 129]
y(y + 1)
d2b
dy2
+
[
1 +
3
2
y
]
db
dy
+
1
2
[
1 + δi
b2
− b
]
= 0 , (19)
where y = a(η)/aeq, dη = dt/a(t) is the conformal time,
ηeq, and δi = δρDM/ρDM is the initial relative dark mat-
ter density perturbation. Here, the perturbed region ra-
dius is parameterized as
r = a(η)b(η)ξ . (20)
where ξ is the initial comoving coordinate and the func-
tion b(η) takes the expansion deceleration into account.
The cosmological expansion of the clumps stops at the
time when dr/dt = 0, which is equivalent to the condition
db/dy = −b/y [85]. We let bmax and ymax denote b and y
at the time of the expansion stopping. At that time, the
cold dark matter density in the clump is
ρmax = ρeqy
−3
maxb
−3
max (21)
and the clump radius is
Rmax =
(
3Mx
4πρmax
)1/3
. (22)
At a later time, the object is virialized when compressed
by a factor of two in radius.
For entropy perturbations, the initial conditions are
δi = δρDM/ρDM and db/dt = 0 [85]. According to nu-
merical simulations [85], the clump density can be ap-
proximated with good accuracy as
ρ ≃ 140δ3i (δi + 1)ρeq. (23)
For example, δi ≃ 1 ÷ 104 for axion dark matter, and
masses of emerging “axion miniclusters” [84] fall within
the range ∼ (10−13 ÷ 0, 1)M⊙. Possible observational
appearances of the axion miniclusters in the galactic halo
were discussed in [85, 104].
3.3. Spherical model for adiabatic perturbations
at the radiation-dominated stage In order to consider
the evolution of adiabatic perturbations at the RD stage
in a similar way, the initial conditions for (19) should be
chosen in accordance with the linear solution for δ ≪ 1.
On subhorizon scales [37],
δ =
3Ain
2
[
ln
(
kη√
3
)
+ γE − 1
2
]
, (24)
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Figure 3. Example of the evolution of a cold dark matter
density perturbation δ for δH = 0.04, M = 0.1M⊙, Ωm =
0.3. Up to the point (yi = 4 · 10
−6, δi = 0.2), the solid
curve is obtained using formula (24), and for y > yi, from a
numerical solution of Eqn (19). The clump decouples from
the cosmological expansion at the radiation-dominated stage
at y = a/aeq ≃ 0.5. The dashed curve shows the evolution of
δ according to the linear theory, Eqn (24).
where γE − 1/2 ≈ 0, 077, Ain = δH/φ, φ ≃ 0, 817, and
δH is the radiation density perturbation at the horizon
crossing time. For kη ≫ 1 and y ≪ 1, we have the
relation [88]
kη =
π
22/3
(
3
2π
)1/6
yc
G1/2M1/3ρ
1/6
eq
. (25)
The value of b in (20) can be expressed through δ as
[129]
b = (1 + δ)−1/3. (26)
This relation means the transition from the Euler descrip-
tion, Eqn (24), to the Lagrange description, Eqn (19), of
the perturbation evolution. For adiabatic perturbations,
we can set δi = 0, but the initial velocity db/dt is nonzero
and is determined by the linear stage of evolution.
It is convenient to connect analytic solution (24), ob-
tained in the linear theory, to a numerical solution of
nonlinear equation (19) at the time corresponding to the
“transitional” perturbation amplitude δ = 0.2 (see [88]).
At that time, we determine the initial velocity of the
spherical layer from
db
dy
= −δHb
4
2yφ
. (27)
The example of the evolution of δ = b−3 − 1 is shown in
Fig. 3.
The linear version, for δ ≪ 1, of the formalism de-
scribed above (including the solution of the linear limit
of Eqn (19) at the RD stage) is typically used to calcu-
late the transition function and perturbation spectrum
at the dust-like stage [90]. However, the clumps can al-
ready be formed at the RD stage from sufficiently large
perturbations.
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Figure 4. Mean clump density ρ [g cm−3] as a function of the
clump mass M (in units of M⊙) and the radiation density
perturbation dh on the horizon scale.
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Figure 5. Mean clump density ρ [g cm−3] as a function of the
radiation density perturbation amplitude δH on the horizon
scale. The solid curves (from top down) respectively corre-
spond to the clump masses M = 10−11, 10−6, 10−1, 102M⊙.
The dashed curves correspond to the clump density limits
from primordial black hole overproduction for the formation
thresholds δth = 1/3 and δth = 0.7 (curves 1 and 2 respec-
tively).
The characteristic clump densities r (cross section of
the surface in Fig. 4) are shown in Fig. 5. We see that at
small δH, the curves converge to ρ ∼ ρeq ∼ 10−19 g cm−3.
This corresponds to solution (15), according to which the
perturbation evolution at the dust-like stage does not de-
pend on mass and is determined by the initial perturba-
tion amplitude (at t = teq).
To produce superdense clumps, excessive small-scale
perturbations are needed, e.g., in the form of peaks. It
is clear from (8) that perturbations with a simple power-
law spectrum and ns < 1 are too small to form clumps at
the RD stage. We note that superdense clumps formed
from the spectrum maximum do not aggregate into hi-
erarchical structures for a long time and are therefore
almost unaffected by tidal forces, and their mass func-
tion is concentrated around some mass corresponding to
the spectral maximum.
The clump formation scenario from adiabatic pertur-
bations at the RD stage is constrained by the PBH for-
mation effect. In the model of “neutralino stars” with
masses close to ∼ 0.1M⊙, this constraint was obtained
in [88]. Following, e.g., [24,96,98], we assume that there
is a sufficiently high maximum on some comoving scale
ξ = r/a(t) in the cosmological perturbation spectrum.
Fluctuations with δH > δth ∼ 1/3 collapse to form PBHs,
and smaller perturbations turn into clumps. The mass
fraction of such dark matter clumps is expressed, as in
(10), by the integral [103]
βcl =
δth∫
0
dδH√
2π∆H
exp
(
− δ
2
H
2∆2H
)
. (28)
As noted in Section 2.5, to avoid overproduction of PBHs,
the condition ∆H ≪ δth should be satisfied; therefore,
βcl ≈ 1/2. That is, half of the dark matter is in the re-
gion of positive perturbations. However, not every per-
turbation from this region can evolve into clumps. In
Section 3.4, we precisely determine the fraction of super-
dense dark matter clumps, taking the nonsphericity of
perturbations into account.
The relation of the PBH mass, which is equal to the
total dark matter mass under the horizonMH by an order
of magnitude, to the dark matter massM in fluctuations
of the same comoving scale at the horizon crossing time
tH ≃ GMH/c3 has the form [88]
MH =
1
22/3
(
3
2π
)1/6
M2/3c
G1/2ρ
1/6
eq
(29)
≃ 1.5× 105
(
M
0.1M⊙
)2/3
M⊙. (30)
Using (10) and (29), we can express the cosmological
PBH density parameter ΩBH at the present time through
dark matter perturbations. Thus, PBHs put bounds on
the clump parameters shown in Fig. 5. The cusp on
curve 1 corresponds to PBHs that are evaporating at the
present time via Hawking radiation.
We recall that PBH formation occurs on the tail of the
Gaussian distribution of fluctuations, and most of the
clumps are formed from fluctuations with the rms ampli-
tude δ ∼ ∆H. Therefore, we repeat, not every fluctuation
that produced a clump could collapse into a PBH at the
instant tH. In other words, due to the high PBH forma-
tion threshold, a significant fraction of fluctuations did
not collapse into PBHs and continued to evolve (Fig. 6).
Because the clumps and PBHs originate from the same
perturbation spectrum, the mass and radius clump dis-
tributions can, in theory, restore the form of the pertur-
bation spectrum and the PBH mass functions can be ob-
tained using a formalism similar to the Press–Schechter
theory [114]. Such a calculation will be possible once
clumps are discovered.
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Figure 6. Different evolutions of a density perturbation as a
function of its amplitude. Perturbations above the threshold
collapse to form PBHs immediately after the horizon crossing
time tH. If the perturbation amplitude is insufficient to form a
PBH, but the perturbed region becomes self-gravitating at the
radiation-dominated stage at t < teq, a superdense clump is
formed. Clumps with lower densities are produced at t > teq.
3.4. Nonspherical models
The form of primordial perturbations is typically not
spherically symmetric, and the asymmetry can increase
with time. Therefore, in studying clump formation, it is
necessary to go beyond simple spherical models.
The simplest generalization of the spherical model is
the model of a homogeneous ellipsoid (see its detailed
description, e.g., in [128,130]). Although the homoge-
neous ellipsoid approximation does not take the density
increase toward the center and other inhomogeneities into
account, it is useful because it allows taking the evolution
of nonsphericity into account in the framework of a sim-
ple analytic model, as well as considering the interaction
of external tidal forces with the quadrupole moment of
the perturbation. This interaction increases the angular
momenta of protogalaxies at their formation stage [130].
The evolution of a self-gravitating homogeneous ellipsoid
preserves the ellipsoidal form and volume homogeneity
of the object, although both the density and the ratio
of different ellipsoid axes can change. The initial com-
pression velocities along different ellipsoid axes can be
inferred from the peculiar velocities.
The use of the homogeneous ellipsoid model in [131]
to investigate the problem of superdense clump forma-
tion at the radiation-dominated stage (a generalization
of the model described in Section 3.3) allowed finding
the growth factor of perturbation nonsphericity s(t). We
can assume that the boundary of maximum admissible
nonsphericity satisfies the condition sf/bf < 1, and at
higher nonsphericities, the clump disintegrates and is not
virialized. If the growth factor is known, the clump for-
mation condition can be expressed through the initial
data nonsphericity: si/bi < (bf/bi)(si/sf ). The shape
distribution of Gaussian perturbations can be calculated
using the results in [132] or [89, 133]. The closer the per-
turbation shape is to the spherical one, the more rarely
such a perturbation occurs. As a result, for the least
dense clumps forming at t ≤ teq, the number of clumps
decreases by an order of magnitude due to the initial
perturbation nonsphericity. For dense clumps that are
formed earlier, at t ≪ teq, this decrease can be as high
as 4-5 orders of magnitude.
For objects that are formed at the dust-like stage, the
model of ellipsoidal collapse allows precisely determin-
ing the halo formation criterion in the Press–Schechter
formalism. In [133], corrections to the spherical model
were obtained that improved the Press–Schechter mass
function, and the modified mass function is widely used
in theoretical calculations of galaxy and galaxy cluster
formation.
Another method to go beyond the spherical approxi-
mation is to use the Lagrangian method to describe the
perturbation growth. The Zeldovich approximation [134,
135] provides a remarkable example of such an approach.
It allows studying different aspects of three-dimensional
compression of dark matter. The Zeldovich approxima-
tion was generalized to the evolution at the RD stage
in [129], where corrections to the linear theory were ob-
tained. Simpler Lagrangian approaches are also used,
in which the dark matter density growth due to the ve-
locity boost is studied, and gravitational forces are ne-
glected over most of the time of evolution. This method
is used, for example, to study the evolution of clumps
from strongly nonspherical topological defects [107, 136].
3.5. Clumps around topological defects
Topological defects (infinite strings, cosmic string
loops, and textures) are considered as clump seeds in
[107]. Moving infinite strings or loops produce a veloc-
ity boost for dark matter particles, which leads to the
density increase along the trajectories of motion of the
topological defects.
We focus on the scenario of clump formation around
cosmic string loops, which serve as seeds for entropy per-
turbations, as described in Section 2.4. These clumps are
formed at the RD stage, and their density can greatly
exceed ≫ ρeq. Linear topological defects, cosmic strings,
can be formed during the early cosmological phase tran-
sitions (see reviews [137, 138]). In addition to the forma-
tion of infinite strings, closed string loops can be formed
due to string self-crossing [139, 140]. Only low-velocity
loops can form very dense clumps around them [85]. We
require the shift of a string, starting from its formation
time ti to its destruction time td, to be small in com-
parison with the loop radius l/(2π). For the Maxwell
loop velocity distribution, the string formation probabil-
ity satisfying this condition is estimated to be Plv ∼ 10−7
[141]. However, the requirement of a small shift com-
pared with the loop radius is redundant. Even if it is
violated, a clump can be formed, although with a lower
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mean density [136].
Clump formation around loops at the RD stage was
studied in [85] using Eqn (19). In the approach in [85],
the maximum clump density is restricted by the adiabatic
expansion of clumps that have already formed due to the
evaporation of loops. In [141], this density restriction
was modified in the case where loop decay occurs before
clump virialization. The clump density can then be ρcl ≫
140ρeq.
The loop length distribution is obtained in the form
[142]
dnloop =
Ndl
c3/2t3/2l5/2
, (31)
with N ∼ 2. This distribution is translated into the
clump distribution, which can be used to calculate dark
matter annihilation signals [141] or to study gas ioniza-
tion [136].
4. INTERNAL STRUCTURE OF CLUMPS
Besides the typical characteristics of clumps, their in-
ternal structure is very important, especially in the cen-
tral core, where dark matter particle annihilation can oc-
cur most efficiently due to the high density. The model of
galaxies with a power-law increasing central density pro-
file was elaborated in [105, 106] and [76] in the framework
of the “secondary accretion model”. This model assumes
that dark matter ‘accretes’ onto an initially existing cen-
tral object, a “seed mass” Mc, which can be a compact
clump or a black hole. This central object produces a
perturbation δ = Mc/M , as shown in Section 2.4. In
an approximate approach, the evolution of caustics that
arise during gravitational contraction and the crossing
of dark matter layers was also discussed in [76]. Later,
the model of a dissipationless gravitational singularity
was proposed in [55-57], which also produces a power-
law density profile, and the calculations in [55-57] were
performed by a powerful method of adiabatic invariants,
enabling the study of evolution in the nonlinear regime.
We note the fundamentally important advantage of the
model developed in [55-57] over the secondary accretion
models. As shown in [55-57], under the action of self-
gravity, a density perturbation with an initially smooth
profile takes an approximately power-law form without
any seed mass: rint
ρint(r) =


ρc, r < Rc;
ρc
(
r
Rc
)−β
, Rc < r < R;
0, r > R,
(32)
where ρc is the clump central density, Rc is the radius at
which the density growth stops, R is the virial radius or
the radius of the last layer that was singled out from the
cosmological expansion and stabilized after the nonlinear
compression stage, and β = 1.7− 1.9.
Because Gaussian primordial density perturbations
yield smooth initial conditions, the model in [55-57] de-
scribes the physical processes more realistically. How-
ever, so far we have considered the formation of an indi-
vidual object from an isolated density perturbation. Co-
alescences of objects during hierarchical clustering can
appreciably modify the density profile (see Section 4.9).
The internal structure of the clumps has been studied
in many papers, but this problem remains unsolved in
one important aspect: which physical process stops the
density increase during the clump formation and at what
radius? The region bounded by a circle of this radius is
called the clump core. The core radius is very impor-
tant for studying the annihilation signals, and we discuss
some processes that are possibly responsible for the cen-
tral core formation in Sections 4.1-4.9.
4.1. Physics of violent relaxation and virialization
Virialization is the mixing of dark matter streams un-
til the entire halo reaches an equilibrium inside some ra-
dius, the so-called virial radius. Outside this radius, the
mixing is not completed, and new layers of dark matter,
which decouple from the cosmological expansion, con-
tinue to fall toward the center. The virialization occurs
due to radial oscillations, the presence of large inhomo-
geneities, and the nonspherical motions of matter. Ac-
cording to Lynden-Bell [143], these processes are called
“violent relaxation”. The virialization leads to an en-
ergy redistribution between different density clumps and
between the kinetic and potential energy. Inasmuch as
dark matter particles scatter mainly on large clumps and
inhomogeneities of matter during ‘violent relaxation’, a
nearly Maxwell velocity (not energy) distribution is es-
tablished. The virialization also leads to the tidal de-
struction of large clumps and their mixing and results
in the formation of a sufficiently smooth density profile.
The total energy E = T + U in some dark matter layer
is the sum of the kinetic and potential energies. At the
linear stage, |E| ≪ |T | ≈ |U |, but after the virialization,
E ≈ −T ≈ U/2. This state is reached when the layer
radius decreases by a factor of two, R = Rmax/2, after
the expansion stop at the time ts (because the potential
energy of the layer U ≈ GM/R) and, accordingly, the
mean density of the stabilized object is ρ = 8ρ(ts). In
the approach considered here, we reliably assume that
most of the mass of dark matter is concentrated in the
outer layers, which have just been virialized; therefore,
the contribution of the internal mass to the mean den-
sity is not very significant.
Initially, the “violent relaxation” concept by Lynden-
Bell was based on radial oscillations of an object, which
are accompanied by rapid variations of the gravitational
potential. As the picture of the hierarchical clustering of
large-scale structures emerged, it became clear that non-
radial motions during the aggregation of objects, which
represent large inhomogeneities, also produce a variable
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gravitational potential leading to violent relaxation in the
forming halo [144]. Hierarchical clustering and the relax-
ation related to it produce, besides virialization, a univer-
sal density profile, for example, an NFW one. According
to the results of calculations in [145], an instability in
the phase space, phase mixing, and a moderate ‘violent
relaxation’ should be present for the relaxation to begin.
Nonradial motions of dark matter particles in the halo
play an important role in the relaxation process because
these motions lead to dark matter mixing inside each
dark matter layer with energy redistribution until the
virial equilibrium is reached. Nonradial motions occur
due to coalescences of different subhalos, the initial inho-
mogeneities, and tidal forces from the external mass dis-
tribution. Adiabatic capture in the multi-stream regime
[55-57] is an important mechanism of energy redistribu-
tion between the layers. Although this mechanism op-
erates only in the radial direction, it also leads to the
universal density profile ρ ∝ r−1.8 in isolated halos.
In a real situation, even in the case of an isolated ob-
ject formed from a peak in the perturbation spectrum at
some scale k, both the inhomogeneity and nonsphericity
appear on scales ∆k ∼ k. At the beginning of the nonlin-
ear stage, the proto-object consists of several (for exam-
ple, N) large inhomogeneities with masses Ms ∼ M/N .
The two-body relaxation time in this ‘cluster’ is
tr ≃ Ntdyn
10 ln(N)
(33)
and does not differ significantly from the dynamical time
tdyn. Thus, the object experiences a “violent relaxation”
accompanied by energy redistribution due to binary scat-
tering of large inhomogeneities, which ultimately leads to
virialization.
The virialization of early formed clumps can occur even
at the RD stage. Does this process differ from the ordi-
nary violent relaxation at the matter-dominated stage?
Disintegration and dissociation of very irregular halos can
be a new feature of the nonlinear evolution of clumps at
the RD stage. Indeed, if the protohalo is sufficiently elon-
gated, the mass of radiation inside the minimal sphere en-
circling the protohalo exceeds that of dark matter, and
the object self-gravity cannot hold its parts together. The
protohalo decays and its pieces fly apart due to cosmo-
logical expansion. To find the nonsphericity above which
such an evolution is possible, numerical simulations of
clump formation at the RD stage are required.
4.2. Secondary accretion, self-similar solutions, and
“ultra-compact minihalos”
In the spirit of secondary accretion models
[76,105,106], we assume that at the radiation-dominated
stage, there is a seed mass Mc, and dark matter is dis-
tributed homogeneously in its nearby surroundings prior
to the dust-like stage (the effect of nearby perturbations
is to be discussed below). At t ≪ teq for mass scales
M ≫ Mc, a dark matter perturbation δi = Mc/M does
not evolve. Indeed, according to the Meszaros solution,
δ = δi(1 + 3x/2), where x = a/aeq [128]. This solution
can easily be found from Eqn (19) in the linear approxi-
mation. Later, at t > teq, we can use solution (15) with
the substitution 5δi/3→ δi, as noted in Section 3.1. The
object formation threshold in the spherical model in this
case is δ(t) = δ˜c = (3π/2)
2/3 ≈ 2.81. Then the virialized
object mass as a function of the redshift takes the form
M(z) =
3
2
(
2
3π
)2/3
1 + zeq
1 + z
Mc (34)
≈ 1.7× 103
(
Mc
102M⊙
)(
1 + z
100
)−1
M⊙,
with (3/2)(2/(3π))2/3 ≈ 0.53, and the radius rc = rs/2
of the layer that was virialized is
rc =
1
3
(
3
4π
)1/3
M4/3
ρ
1/3
eq Mc
(35)
≃ 3.2
(
Mc
102M⊙
)1/3(
1 + z
100
)−4/3
pc
Using halo’s mass-radius relation (35), we find the den-
sity profile
ρ(r) =
1
4πr2c
dM(rc)
drc
∣∣∣∣
rc=r
(36)
≃ 3× 10−21
(
r
1 pc
)−9/4(
Mc
102M⊙
)3/4
g cm−3.
In the case of a noncompact central mass, for example,
an extended PBH cluster, the density profile differs from
ρ ∝ r−9/4. Adding new layers at the periphery does
not strongly affect the already formed internal density
profile due to a relatively high central density, which is
confirmed by analytic estimates and numerical simula-
tions [145]. The constant flux of a new mass onto the
system shifts its state by 10% from virial equilibriums,
i.e., the constant in the energy relation 2T/|U | = const
differs from unity [145].
The total mass of the induced halo increases with time,
as more and more remote layers decouple from the cos-
mological expansion and are virialized around the seed
mass. The induced halo growth stops when ordinary dark
matter fluctuations (those originating from inflation per-
turbations) with mass M equal to the induced halo mass
enter the nonlinear stage. The growth law ∝ t2/3 is the
same for usual perturbations and those induced by a seed
mass; therefore, the halo growth stopping condition is
simply [145,147]
νσeq(M) =
9
10
Mc
M
, (37)
where ν is the density perturbation amplitude in units
of the rms fluctuation value. The right-hand side of (37)
is the fluctuation amplitude due to the mass Mc taking
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the two correction factors described above into account.
The left-hand side describes usual Gaussian fluctuations
taken at the time teq. The numerical solution of Eqn (37)
yields the ultimate mass of the induced halo, which for
Mc ∼ 1− 104M⊙ is M ∼ 102Mc. In [103,148-152], it was
assumed that the growth of clumps stops at z ∼ 10 −
30, when large-scale dark matter structures start forming
intensively. A more accurate quantitative criterion of the
cessation of growth is given by Eqn (36).
Notably, clumps can be formed by this mechanism
around PBHs [146-148,150], and the idea that PBHs can
be seeds of more extended objects was first put forward
in [153]. Dark matter annihilation in mini-peaks around
black holes (of stellar origin or resulting from collapses
of gas clouds in the first halos) was considered in [154].
Of special interest is the case where dark matter par-
ticles annihilate to produce a narrow line. This line is
broadened due to relativistic effects near the black hole
horizon, which offers an observational signature of dark
matter annihilation around black holes [155]. The char-
acter of line broadening must depend on the dark matter
density distribution at distances up to several gravita-
tional radii from the black hole; however, no detailed
calculations of this dependence have yet been performed.
In [76,156], self-similar accretion regimes were found
in the framework of the secondary accretion model, in
which collapses of new spherical layers maintain a power-
law density profile. However, for this to be possible, the
initially singular density profile δρi ∝ r−ε with an in-
finite central density in the protohalo is required. The
rate of the virial radius rs increase then depends on the
parameter ε, and characteristics of all halos in the self-
similar solutions are expressed in terms of the variable
X = r/rs. Initially, the density perturbation is not sin-
gular; therefore, the central density can be lower than
in self-similar solutions, and the completion of the ac-
cretion of fresh outer layers can violate the self-similar
regime and flatten the density profile ρ ∝ r−3 in the halo
periphery [145]. The formation of singular profiles from
the initially smooth perturbations cannot be explained
by the secondary accretion model and self-similar solu-
tions. This problem was solved by Gurevich and Zybin
[55-57].
Recently, some papers [103,148-152,154,157-163] have
discussed so-called ultra-compact mini-halos?clumps
formed at the very early stages (at the beginning of the
dust-like stage) from large density perturbations of dif-
ferent natures: spectral peaks or perturbations enhanced
in phase transitions in the early Universe. The important
idea formulated in [158, 159] is that the annihilation lim-
its, in principle, allow constraining the primordial per-
turbation spectrum from which clumps are formed. A
sufficiently strong annihilation signal would violate the
gamma-ray background limits; hydrogen recombination
retardation or a delay in the reionization in the Uni-
verse may also have taken place, which would leave im-
prints in the CMB spectrum. However, to obtain reli-
able constraints, it is necessary to know, in addition to
dark matter particle properties, the internal structure of
dark matter clumps, especially in the core. If the clump
was formed around a superdense clump, which in turn
originated at the RD stage, a modification of the object
density at the center would be required. To calculate
the mean density of the central superdense clump, the
formalism in [85, 88, 164], described in Section 3.3, is re-
quired. In superdense clumps, due to their individuality,
the Gurevich–Zybin profile is likely to arise. The issue of
superdense clump cores also remains open.
4.3. Nondissipative gravitational singularity
(Gurevich–Zybin theory)
The dissipationless gravitational singularity is re-
viewed in detail in [57], and therefore this model, in
spite of its importance, is discussed here only very briefly.
We consider some individual perturbation with a smooth
density profile. Given that adiabatic perturbations are
characterized by one scalar function whose derivatives
give peculiar velocities (perturbations relative to the ho-
mogeneous Hubble flow), the problem was reduced in [55-
57] to the collapse of a density perturbation at rest by
introducing some effective density. By assuming a small
deviation from spherical symmetry, a nonlinear growth
law for density perturbations was found. The central
density of the perturbation increases and becomes for-
mally infinite at some instant, after which dark matter
flow crossing emerges.
The novelty of the approach in [55-57] and the key
factor of its success are the use of the adiabatic invari-
ant method in the multi-stream evolution regime. The
conservation of adiabatic invariants allowed the authors
to find the dark matter particle distribution function in
forming halos. It was shown, as a result, that in the
nonlinear regime with δ ≥ 1, a multi-stream instability
arises, and power-law density profile (32) is formed in
the clump. After the cessation of cosmological expan-
sion, the forming clump starts compressing to the radius
R = λRmax, where λ is a nonlinear compression factor.
It is usually assumed [165] that after the cosmological ex-
pansion stops, the clump is virialized by compressing by
a factor of two in radius, i.e., λ = 0.5. But according to
the gravitational instability theory, λ ≃ 0.3 in the multi-
stream region [166]. In [55-57], the clump core radius is
estimated to Rc/R ≃ δ3eq ≪ 1 from the analysis of the
velocity field in the decaying perturbation mode.
As mentioned in Section 4.2, an important advantage
of the Gurevich–Zybin theory is that it explains the
power-law density halo formation from initially smooth
perturbations without the central seed mass that is a pre-
requisite in the secondary accretion models. What is not
fully accounted for by this theory so far is the effect of hi-
erarchical clustering of halos with different scales, which
is now considered to be the main factor for the universal
density profile formation. As a whole, the theory in [55-
57] is in good agreement with observations and numerical
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results at intermediate scales. However, in the central
parts of galactic halos, the power-law exponent β in pro-
file (32), apparently cannot take values β = 1.7− 1.9, as
pointed out in [55-57], because microlensing observations
and measurements of star dynamics suggest that β ≤ 1.5
near the galactic center [167]. By contrast, in the cores of
minimal-mass clumps and cores formed in spectral peak
models, the values β = 1.7 − 1.9 are quite possible, be-
cause these clumps are formed from decoupled smooth
density perturbations.
4.4. Constraints on the core radius
from the Liouville theorem The constraint for the max-
imum density of an object, following from the constraint
for the phase density FL(p, q, t), which is conserved ac-
cording to the Liouville theorem, was considered in [168]
in application to hypothetical heavy leptons. For the
Liouville theorem to be applied, only the Hamiltonian
character of the system is required. The Liouville theo-
rem remains valid when multi-stream flows emerge (the
formation of caustics), because the distribution function
remains single-valued in the phase space.
If particle annihilation and other effects violat-
ing the Liouville theorem conditions are unimportant,
FL(p, q, t) = const along the particle trajectories. Unfor-
tunately, Rc can only be restricted but not obtained from
the Liouville theorem applied only to the initial and final
clump states. This is related to entropy generation in the
intermediate processes, which is taken into account in the
entropy theory [79]. In other words, the phase volume is
rendered very dispersive by the process of nonlinear dark
matter mixing (see Fig. 8.3 in [2]).
For a comparison with observations in astrophysics,
it is convenient to use the quantity Q = ρ/σ3/2 as a
distribution function, where σ = 〈v2||〉 = 〈v2〉/3 is the
one-dimensional velocity dispersion. Numerical model-
ing shows that over several orders of magnitude in ra-
dius, Q ∝ r−1.875 [169]. For theoretical estimates, we
can use fc = ρc/v
3 as the distribution function in the
clump core, where ρc is the core density and v is the
characteristic core particle velocity. For nearly isother-
mal profile ρ(r) ∝ r−2, the velocity v is of the order of
the virial velocity in the entire clump.
We find the constraint on Rc from the Liouville the-
orem applied to the initial and final states. There are
two sources of the initial entropy or the initial velocity
dispersion σ: thermal velocities of dark matter particles
at the decoupling and peculiar velocities in the case of
adiabatic perturbations.
The thermal part can be found from the distribution
function at the kinetic decoupling instant td [2, Sec-
tion 8.3.2]. The neutralino gas is nonrelativistic and
nondegenerate at the decoupling time td, and hence the
Maxwell distribution is a good approximation at that
time:
fp(p)d
3rd3p =
ρm
m(2πmkT )3/2
e−
p2
2mkT d3rd3p, (38)
Here, m is the dark matter particle mass and ρm is the
dark matter density, which can be expressed through the
temperature in the Universe at any time from the local
entropy conservation law g∗T
3a3 = const, where g∗ is the
effective number of the degrees of freedom at the temper-
ature T . The core distribution function is smaller than
the initial distribution function that has a maximum at
p = 0. Hence, fc < fp(p = 0). For the isothermal density
profile in the clump, this condition yields a constraint on
the relative core radius:
Rc
R
>
2π1/2ρ¯1/4T
3/4
d
31/4G3/4M1/2m3/4ρ
1/2
m (td)
. (39)
In this calculation, we have used the fact that for the
isothermal density profile ρ(r) = ρc(r/Rc)
−2, the relative
core radius xc = Rc/R is expressed as xc = (ρ¯/3ρc)
1/2,
where ρ¯ and ρc are the mean and central clump density.
In the constraints found from the Liouville theorem,
peculiar velocities that are generated by the gravitational
instability can play a role similar to that of thermal veloc-
ities. The velocity of the increasing perturbation mode
is smaller than the peculiar velocity in (14) by a factor of
2/5 [128]. After the time teq, the decreasing mode rapidly
decays, and peculiar velocities are formed that later in-
crease with time as ∝ t1/3, darck matter density ∝ t−2,
and hence the distribution function in the phase volume
decreases. We consider a time instant close to t ∼ teq.
By calculations similar to those given above with the sub-
stitution of thermal velocities by peculiar ones, we find
the core radius as Rc/R ≃ 0.01δ9/2eq . The results of cal-
culations of Rc/R for three example cases are listed in
the Table (for the neutralino mass m = 100 GeV and
the decoupling temperature Td ≃ 25 MeV), which shows
that the peculiar velocities are unimportant for standard
clumps, but can become decisive for superdense clumps.
4.5. Entropy theory
To date, theoretical calculations and numerical N -
body simulations of the halo density profiles on galactic
scales have not been able to fully reproduce the results of
observations. Some galaxy types (low surface brightness
(LSB) galaxies and dwarf spheroids) demonstrate a suf-
ficiently large core with the density that is constant or
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Table I. Three examples of clump parameters and the relative core radii caused by different effects discussed in the text. * —
bounds on xc = Rc/R from the Liouville theorem. ** — bounds on xc from peculiar velocities. *** — bounds on xc from
annihilation.
Example M/M⊙ ρ¯, g cm
−3 δ xc, thermal velocities
∗ xc, peculiar velocities
∗∗ xc, annihilation
∗∗∗
1 10−6 3× 10−23 δeq = 0.009 4× 10
−3 6× 10−12 2.6 × 10−5
2 10−6 4.2× 10−16 δH = 0.05 0.24 0.1 0.1
3 0.1 2.5× 10−17 δeq ≃ 1 4× 10
−4 0.01 2.5 × 10−2
slowly increases toward the center. The density profile
outside the central region is also better described by the
Burkert profile than by analytic approximations of nu-
merical simulations (see Section 4.9 for more details). In
this connection, new factors should be sought to describe
this discrepancy.
In [79], effects were found that can be responsible for
the observed density profiles, including the initial entropy
due to the peculiar velocities of small perturbations on
the halo background and entropy generation during non-
linear clustering. In [79], the initial entropy was calcu-
lated analytically, and the generated entropy was taken
from the results of N-body calculations. Presently, nu-
merical modelling is the only tool capable of tracking the
mean distribution function. In [79], by uniting the ini-
tial and generated entropies, the entropy function was
found and the dark matter halo density profiles on galac-
tic scales were calculated. It turns out that taking these
effects into account enables significantly improving the
agreement of the calculated density profile with obser-
vations. The additional entropy provides more effective
core formation (in [79], the profiles with β ≤ 1 are re-
ferred to as the core). An important element of the en-
tropy theory is also that the initial Gaussian density dis-
tribution produces a sufficiently broad distribution of the
galactic central core properties.
The entropy theory enabled explaining density pro-
files of sufficiently massive galaxies.However, for low-
mass galaxies, the entropy corrections are small due to
the low initial entropy, which is caused by small peculiar
velocities in low-mass halos [79]. Therefore, the appli-
cability of the entropy theory to small-scale clumps con-
sidered here requires additional inspection. As shown in
Section 4.4, the initial entropy can be important for su-
perdense clumps. Calculations using entropy and the Li-
ouville theorem are useful because they give some general
constraints and predictions without the need for detailed
study of complicated gravitation dynamics. Another ver-
sion of the entropy function was also used in [170] to
study phase mixing processes and violent relaxation.
4.6. Tidal effects on the density profile
Modification of the density profile at the formation
stage is possible due to tidal forces from external per-
turbations or internal inhomogeneities of the medium.
These factors cause particles in a forming clump to ac-
quire angular momentum, which leads to the central den-
sity profile flattening and, possibly, to the formation of
a core [39, 119, 171]. In the framework of the simple
spherical model considered in Section 3.1, with the cor-
rection due to tidal forces taken into account, we find the
characteristic scale at which the density profile can have
a kink [39]:
xc =
Rc
R
≃ 0.3ν−2f2(δeq), (40)
where ν is the peak amplitude expressed in units of the
rms perturbations introduced in Section 3.1, and the
function f ∼ 1. For perturbations with ν ∼ 0.5 − 0.6,
xc ∼ 1, i.e., the corresponding clumps are destroyed by
tidal forces already at the formation stage. In [119], it
was found that the angular momentum of dark matter
particles modifies the density profile to produce a kink
similar to that in the NFW profile and to form an effec-
tive core in the dark matter halo center. Similar results
were also obtained in [171-174]. In [159], the core radius
Rc/R ∼ 3× 10−7 was estimated from an examination of
nonradial velocities.
The tidal forces partially prevent the appearance of
the central singularity of the density (or decrease the
density divergence) during evolution of the clump, but
if this singularity (a very high density in the clump cen-
ter) has already been formed in some way, then the tidal
interactions cannot disintegrate it any more due to the
adiabatic invariant conservation. Indeed, core particles
in the clump oscillate along orbits with a very high fre-
quency, and therefore slowly varying tidal forces cannot
affect their motion. Clumps, and especially their cores,
can be destroyed only at later stages of evolution due to
tidal interaction with stars and galactic discs.
4.7. Annihilation limit of the maximum density
In [175], the maximum central density in the clump
was estimated using the annihilation rate and the time
elapsed after clump formation,
ρ(rmin) ≃ m〈σv〉(t0 − tf ) (41)
where t0 is the present time and tf is the clump forma-
tion time. According to this estimate, the core radius
increases with time due to annihilation losses of particles
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in orbits passing near the clump center. For the isother-
mal density profile ρ(r) ∝ r−2, the core radius
Rc
R
≃
( 〈σv〉t0ρ¯
3m
)1/2
, (42)
is listed in the Table for the annihilation cross section
〈σv〉 ≃ 3× 10−26 cm3 s−1 corresponding to thermal par-
ticle creation and m = 100 GeV. This approach assumes
that particle orbits near the clump center are not refilled
after annihilation of their particles. The value in (41)
was used to calculate the annihilation signal from ultra-
compact mini-halos in [103,149-152,158,159].
The opposite case with compensation of losses was con-
sidered in [176, 177]. The authors of [176] inferred the
core radius from the annihilation limit at the dark mat-
ter halo formation stage. The minimal radius was ob-
tained from the condition that the characteristic annihi-
lation time is of the order of the Jeans instability time,
th ∼ (Gρ¯)−1/2, because this time gives the characteristic
halo formation time scale. The characteristic core radius
in that case is
x2c ≃
〈σannv〉ρ1/2
G1/2m
. (43)
In [177], the core radius of the already formed clump was
found by assuming a permanent hydrodynamic flow of
dark matter onto the clump center. The free-fall time of
a particle onto the clump center was assumed to be equal
to the characteristic annihilation time in the core, and
the flow was assumed to be permanently refilled by new
particles. This approach yields the most conservative
estimate of the core radius.
In a real clump, external gravitational perturbations
must lead to the complete or partial regeneration of orbits
with low angular momenta passing through the clump
core. The orbit refilling leads to a higher central density
than the one in (41).
4.8. Gravothermal catastrophe for superheavy
particles
Superheavy particles with masses m ≥ 1011 GeV can
be born immediately after the inflation stage due to a
nonstationary gravitational field or other mechanisms;
they can also be dark matter particles [20-22,178-180].
Several constraints on the possible properties of super-
heavy particles are discussed in review [113].
If a superdense clump consists of superheavy particles,
an interesting effect, called the “gravothermal catastro-
phe” in stellar dynamics, can occur [164, 181]. In globu-
lar stellar clusters, the instability and the gravothermal
catastrophe are developed due to binary gravitational
scatterings of stars. A similar process can become the
dominant evolutionary factor of superdense clumps that
formed early at the RD stage and consist of superheavy
dark matter particles, which scatter on each other like
stars.
In the gravothermal catastrophe regime, particles are
evaporated (ejected) from the clump cores, which are
decreasing in radius. The time when the gravothermal
catastrophe occurs is smaller than the Hubble time only
for extremely dense clumps (see [164, 181] for more de-
tails). The singular density profile ρ ∝ r−2 resulting
from the gravothermal catastrophe can be formally con-
tinued to very small radii Rc. There are physical effects
that restrict the density: electroweak particle scattering,
particle annihilation (considered in Section 4.7), and de-
generate Fermi-gas pressure. January 2014 Small-scale
clumps of dark matter 15 The results of calculations in
[181] suggest that for superheavy fermions in superdense
clumps, the Fermi degeneration is the crucial effect. The
maximum core density and, accordingly, the core radius
can be found by equating the momentum of a degen-
erate Fermi-gas particle to its virial momentum at the
core boundary, pF = (3π
2)1/3(ρc/m)
1/3 = mVc, where
Vc =
√
GMc/rc is the particle velocity at the core bound-
ary, Mc = (4π/3)ρcr
3
c is the core mass. Expressing the
core radius as xc = (ρ¯/3ρc)
1/2, we obtain
x2c = π
2 ρ¯
m4
(
GM
R
)−3/2
. (44)
For example, for superdense clumps with the mass M ∼
1 × 105 g, the central density ρ¯ ∼ 3 × 103 g/cm3, and
R ∼ 3 cm, the core radius is xc ∼ 10−11. We also
note that superdense dark matter objects that are kept
in equilibrium by dark matter Fermi-gas pressure were
considered in [182].
4.9. Numerical N-body simulations
Presently, numerical N -body simulations already use
arrays of N ∼ 109 points, which allows achieving a mass
resolution of three orders of magnitude. The galaxy for-
mation modeling has shown that halos with simple scal-
ing density profiles are formed. For example, the NFW
profile [120] is expressed as
ρH(r) =
ρ0
(r/Rs) (1 + r/Rs)
2 . (45)
For the Galactic halo, Rs = 20 kpc, the halo size (its
virial radius) is Rh = 200kpc, and the mean halo den-
sity at the distance r = r⊙ = 8.5 kpc from the Galac-
tic center (the distance of the Sun from the center) is
ρh(r⊙) = 0.3GeV/cm
3. We also note that at distances
from the center up to r = r⊙, baryonic matter dominates
in the gravitational potential. An alternative density pro-
file was obtained in [183, 184]. This profile differs from
the NFW one mainly in the central part. In the Moore
profile, ρH(r) ∝ r−1.5. Another popular representation of
the dark matter halo numerical simulations is the Einasto
profile [185],
ρH(r) = ρ0 exp
[
− 2
α
((
r
rs
)α
− 1
)]
, (46)
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where α = 0.16− 0.3 and rs ≃ 20 kpc, and the best phe-
nomenological description of observational data is pro-
vided by the Burkert profile [186] (see [79] for a detailed
discussion). The halo boundary is usually associated
with the sphere of a radius R200 inside which the mean
dark matter density increases by a factor of 200 relative
to the mean cosmological density.
There have been attempts to explain the nature of the
universal density profile obtained in numerical simula-
tions. Some of them were mentioned above. In [187], the
universal density profile appearance in hierarchical clus-
tering models was explained by the competition of the
dynamical friction process and tidal stripping of smaller
halos assembled in larger ones. The dynamical friction
tends to shift small dense halos toward the center of a
large halo, such that its central density increases, and the
tidal stripping destroys small halos as they move toward
the center, which increases the mass at the periphery of
a large halo.
In observations, the structure of the central parts of
dark matter halos has not yet been finally established. It
remains unknown how close to the center the density con-
tinues to increase. There are some galaxy classes (LSB
galaxies and some dwarfs) that, according to dynamical
models, demonstrate not a central density peak but a
core with a slowly increasing or even constant density.
This discrepancy with numerical modeling results can be
successfully explained by the entropy theory discussed in
Section 4.5.
Numerical simulations, for example, Aquarius [188]
(extensive numerical simulations are sometimes given
proper names, such as Aquarius, Millenium, or Aquila)
have revealed the presence of substructures (clumps) on
mass scales down to ∼ 106M⊙, which is the dynamical
mass resolution of the calculations. The obtained clump
mass function is ∝ M−1.9, and the fraction of clumped
dark matter mass decreases from the periphery to the
center. Apparently, this is due to a more effective tidal
disruption of clumps in the central dense parts. The anni-
hilation or decay of dark matter particles in such clumps
can produce an inhomogeneous high-energy photon sky
background, but this effect has not yet been discovered
[63-65]. There is a problem of large-clump overproduc-
tion here: according to numerical simulations, too many
clumps with dwarf-galaxy masses are formed, but as-
tronomical observations of the Local Group of galaxies
have not found the predicted number of dwarf galaxies.
Presumably, the issue can be resolved by assuming that
the “extra” large clumps form dark galaxies consisting
mostly of dark matter, almost without stars. Stars may
not have been formed there due to the absence of effective
cooling mechanisms of low-mass baryonic halos.
Many numerical simulations of large halos in galax-
ies and galaxy clusters have been performed, but only
a few studies have dealt with low-mass clump modelling
[44,51,77,82]. Numerical modelling of small-scale clumps
usually stops before the galaxy formation epoch. For ex-
ample, in [51], the calculations are restricted to the red-
shift interval z ∼ 500 − 30. The point is that the mod-
elling space region itself enters the nonlinear regime at
z ∼ 30 (this occurs quite rapidly, because the perturba-
tion spectrum at small scales is almost flat), after which
it is already difficult to follow the evolution of small-scale
clumps inside this region. Numerical simulations have re-
vealed that the mass function of substellar-mass clumps
is close to the power-law form ∝ M−1.9, as obtained in
modelling large substructures in galaxies, and these mass
functions match quite well when extrapolating to inter-
mediate scales.
The internal density profile in a single clump with a
minimal mass was numerically calculated in [77], which is
an important result. The obtained density profile can be
approximated by a power law ∝ r−β with β = 1.5− 2.0,
which is in good agreement with the theoretical predic-
tion β = 1.7 − 1.8 in [55-57]. In [82], the value β = 1.5
was obtained. The tendency of β to increase in passing
from clumps formed via hierarchical clustering of small-
scale objects to clumps originated from isolated density
perturbations was revealed in [51]. It was shown that in
hierarchical clustering, an NFW profile with β = 1 at
the center and a density profile with β ≃ 1.4 at the cen-
ter are produced from isolated perturbations. Clumps
with the minimal mass Mmin are also related to clumps
formed from isolated perturbations because the perturba-
tion spectrum has a cut-off at smaller masses (more pre-
cisely, the Gaussian distribution of perturbations should
be taken into account, and therefore even clumps with
equal masses Mmin can show different properties). In
[51], from the standpoint of density profile formation,
the boundary between hierarchical and nonhierarchical
regimes was found to be at ∼ 102Mmin.
Numerical modelling of clumps on galaxy scales re-
vealed the dependence of the concentration parame-
ter CNFW,200 = R200/rs in Navarro-Frenk-White for-
mula (45) on the halo mass: CNFW,200 = 8, 45 ×
(M/1012M⊙)
−0.11. However, as pointed out in [51], this
dependence cannot be applied to low-mass clumps. A
more complicated non-power-law dependence found in
[189] can be used. If we ignore this fact and use the mass
function ∝M−0.11, as has been assumed in some papers,
then the annihilation signal enhancement by clumps can
be overestimated by 2 to 3 orders of magnitude [51].
In the calculations in [51], caustics similar to those in
the Bertschinger [76] and Gurevich–Zybin [55-57] models
were found in the formed clumps. According to the esti-
mates in [51], the presence of these caustics can increase
the annihilation luminosity of the clump immediately af-
ter formation by a factor of more than 1.5 in comparison
with that of a clump with a smooth density profile. How-
ever, the caustic enhancement of the annihilation signal
decreases with time, as the caustics are destroyed by dark
matter stream mixing inside the clumps.
We emphasize that the problem of the maximum cen-
tral clump density, or the problem of the core radius in
numerical modelling, has not been solved so far, appar-
ently due to the insufficient mass resolution. Simulations
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in [77] found a trace of a core with xc ≃ 10−2 (see Fig. 2
in [77]); however, in the calculations in [51,82], the core
was not resolved for xc as small as ≃ 10−3.
5. CLUMPS WITH MINIMAL MASS
Although the spectrum of perturbations generated at
the inflation stage can be extended down to microscopic
scales, there are some effects that cut off (suppress) the
low-scale part of the spectrum at later epochs of cosmo-
logical evolution, preventing low-mass clump formation.
Many papers have been devoted to the calculation of the
minimum possible massMmin, with results that differ by
several orders of magnitude, even using similar assump-
tions about the nature of dark matter particles. However,
to date, the problem ofMmin has largely been solved and
uncertainties are not too large.
We illustrate the spectral cutoff using the “free stream-
ing” effect. Cold dark matter particles at high temper-
atures T > Tf ∼ 0, 05mχ are found in chemical equilib-
rium with cosmic plasma, when the particle number den-
sity is determined solely by the temperature. After freez-
ing at t > tf and T < Tf , the dark matter particles stay
in kinetic equilibrium with the plasma for some time, as
the particle gas temperature Tχ follows the plasma tem-
perature T , but their number in a fixed volume remains
constant. However, at this stage, the dark matter parti-
cles are not fully connected with the plasma any more.
The exchange of momentum between the dark matter
particles and radiation leads to spatial diffusion of the
dark matter particles. They escape small-scale perturba-
tions via diffusion, and therefore the flattening (decay)
of perturbations occurs at some mass scale MD.
When the energy relaxation time τrel of dark matter
particles decreases below the Hubble time H−1(t), the
particles lose equilibrium with plasma. These conditions
determine the kinetic decoupling time td. The kinetic
decoupling time was estimated, for example, in [61]. At
t ≥ td, the dark matter particles move in the free steam-
ing regime, and all perturbations are flattened on the
scale
λfs = a(t0)
∫ t0
td
v(t′)dt′
a(t′)
(47)
(where v(t) is the velocity of a dark matter particle)
and on smaller scales. For a nonrelativistic particle,
v(t) ∝ 1/a(t). The corresponding minimal mass of a
dark matter clump at the time t0 is
Mfs =
4π
3
ρχ(t0)λ
3
fs, (48)
which is much larger than MD.
The choice of a mathematical formalism needed to cal-
culate the minimal mass depends on how close the consid-
ered scales are to the cosmological horizon and whether
macroscopic motions of radiation (including deviations
from the perfect fluid model) are important. On scales
much smaller than the horizon size, the nonrelativistic
Boltzmann equation is sufficient to describe the physics
of the phenomena if there are no such macroscopic mo-
tions. In Sections 5.1-5.6, we perform nonrelativistic cal-
culations, and then show in which situations relativistic
effects become important and describe the results of rel-
ativistic calculations.
5.1. Neutralino-lepton scattering cross-section
To calculate theminimal mass Mmin of a clump, the
scattering cross section of dark matter particles on cos-
mic plasma particles is of fundamental importance. This
cross section is strongly model dependent. We consider
the “standard” neutralino dark matter model in detail.
This model is now believed to be the most plausible one;
however, other models cannot be excluded. Eventually,
the true model can be established only after experimental
registration of dark matter by direct or indirect means or
by producing dark matter particles in accelerator exper-
iments. We consider the neutralino to be a pure bino
(χ = B˜).
The scattering cross section of left fermions on a neu-
tralino fL + χ → fL + χ by angles θ12 in the neutralino
rest frame is given by [39](
dσel
dΩ
)
fLχ
=
α2e.m.
8 cos4 θW
ω2(1 + cos θ12)
(m2 − m˜2L)2
, (49)
where ω ≫ mf is the fermion fL energy in the neu-
tralino rest frame, m is the neutralino mass, m˜L is the
left fermion mass, and αe.m. is the electromagnetic cou-
pling constant. For the scattering fR + χ → fR + χ, we
have (
dσel
dΩ
)
fRχ
= 16
(
dσel
dΩ
)
fLχ
, (50)
under the condition that mL = m˜R, where m˜L, and m˜R
is the right sfermion mass. We are interested in the scat-
tering processes ν+χ→ ν+χ and e+χ→ e+χ. In the
first case, the cross section is given by (49), and in the
second case, it is determined by the sum of scatterings
fL+χ→ fL+χ and fR+χ→ fR+χ, i.e., is larger than
(49) by a factor of 17. We use the notation m˜ for both left
and right selectrons and sfermions and M˜2 = m˜2 −m2χ.
We note that for order-of-magnitude estimates, the
scattering cross section of neutralinos on leptons can be
written in the simple form σ ≈ T 2/M4σ s [62], where T is
the cosmic plasma temperature and Mσ is of the order
of the electroweak interaction scale (∼ 100 GeV).
5.2. Kinetic decoupling
We use the kinetic equation formalism to study the
process of dark matter particles losing kinetic equilib-
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rium with the cosmic plasma. Following [128], we intro-
duce the distribution function f(x, p, t) in comoving co-
ordinates ~x and momenta ~p = ma2~˙x (the momentum of
a freely moving particle defined in this way is constant).
The dark matter particle density is
ρ(x, t) =
m
a3
∫
d3pf(x, p, t) = ρ¯χ(t)(1 + δ(x, t)). (51)
The kinetic equation with the collision integral in the
Fokker-Planck form [190] can be written as
∂f
∂t
+
pi
ma2
∂f
∂xi
−m ∂φ
∂xi
∂f
∂pi
=Dp(t)
∂
∂pi
(
pi
mTa2
f+
∂f
∂pi
)
,
(52)
where φ is the gravitational potential, which can be ne-
glected in the epochs t ≤ teq, T (t) is the temperature of
the surrounding plasma,
t =
2, 42√
g∗
(
T
1 MeV
)−2
s, (53)
where g∗ is the effective number of degrees of freedom,
and Dp(t) is the diffusion coefficient in the momentum
space. We let
n0(ω) =
1
2π2
ω2
eω/T ± 1 , (54)
denote the number density of background relativistic
fermions or bosons with one polarization and with the
energy ω. According to [190],
Dp(t) =
gf
3
∫
dΩ
∫
dω n0(ω)
(
dσel
dΩ
)
fLχ
(δp)2, (55)
where the factor gf = 40 is obtained from counting the
degrees of freedom in neutralino-fermion collisions: three
neutrinos and antineutrinos (or νcL in the case of a Ma-
jorana neutrino) yield six degrees of freedom, eL and e
c
L
(which have two degrees of freedom and two right (sin-
glet) states for electrons and positrons) yield 34 degrees
of freedom because their cross section is larger by a factor
of 17. Equation (52) with diffusion coefficient (55) coin-
cides with Eqn (16) in [191], up to a numerical factor of
the order of unity in the expression for Dp.
We consider the exit (decoupling) of neutralinos from
kinetic equilibrium in a homogeneous universe, when the
term ∂/∂xi in (52) can be neglected. The temperature
Tχ of the neutralino gas is determined as∫
pipjfd
3p = ρ¯χa
5Tχ(t)δij . (56)
Multiplying both sides of (52) by pipj and integrating
over d3p, we obtain
dTχ
dt
+ 2
a˙
a
Tχ − 2Dp(t)
ma2
(
1− Tχ(t)
T (t)
)
= 0, (57)
The initial condition Tχ(ti) = T (ti) for Eqn (57) can be
chosen at the freezing time t = tf , as in [191], or at any
time ti from the interval tf < ti ≪ td, which is more
convenient. The solution of Eqn (57) has the form
Tχ(t)
Td
=
1
τ

τ−1/2i e1/4τ2−1/4τ2i +12e1/4τ2
τ∫
τi
d3xx−5/2e1/4x
2

,
(58)
where we introduce the dimensionless variable τ = t/td
and the notation
td ≃ 10−3
( m
100GeV
)−1/2( M˜
0.2 TeV
)−2( g∗
10
)−3/4
s,
(59)
Td = 30
( m
100GeV
)1/4( M˜
0.2 TeV
)( g∗
10
)1/8
MeV. (60)
The asymptotic form of solution (58) is Tχ/Td = τ
−1/2
at τ ≪ 1 and Tχ/Td = τ−1Γ(3/4)/21/2 (where Γ is the
gamma function) at at τ ≫ 1 , as it must be. From solu-
tion (58), we can see that the transition from the kinetic
equilibrium of neutralinos with relativistic fermions to
the nonequilibrium regime occurs very rapidly. There-
fore, the treatment of diffusion separately from free
streaming seems to be justified.
The time td and the temperature Td of the kinetic de-
coupling of the neutralino can also be derived from the
simple condition
1
τrel
≃ H(t), (61)
where H(t) = 1/(2t) is the Hubble parameter and τrel(T )
is the energy relaxation time at the electron-neutrino gas
temperature T . The relaxation time τrel is determined
by the scattering of neutralinos on the fermions νL, eL
and eR. The neutralino can be considered to be at rest
because its rest-mass frame coincides with the center-of-
mass frame up to
√
T/mχ.
Let δp be the momentum acquired by the neutralino
in one scattering: (δp)2 = 2ω2(1 − cos θ), where ω and
θ are the energy and the scattering angle of the fermion.
Then the relaxation time τrel can be written as
1
τrel
=
1
Ek
dEk
dt
=
gf
2Ekm
∫
dΩ
∫
dω n0(ω)
(
dσel
dΩ
)
fLχ
(δp)2,
(62)
where Ek ≃ (3/2)T is the mean kinetic energy of the
neutralino, and (dσel/dΩ)fLχ is given by (49). After in-
tegrating in (62), we arrive at
1
τrel
=
40Γ(7)α2e.m.
9π cos4 θW
T 6
M˜4m
. (63)
With (53), Eqn (61) implies expressions (59) and (60).
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5.3. Diffusion cut-off of the perturbation spectrum
We consider Eqn (52) prior to the kinetic decoupling
epoch, i.e., for t ≪ td. It is possible to find the first
two moments by integrating (52), first over d3p and then
over pid
3p. After substituting the first of the obtained
expressions into the second one, we find an equation for
the Fourier components:
∂2δ
∂2t
+ 2
a˙
a
∂δ
∂t
+Dp(t)
1
mTa2
∂δ
∂t
=
kikj
ρ¯χa7m
∫
pipjfd
3p.
(64)
In the limit τ ≪ 1, we can neglect the first and second
terms in (64) to obtain the equation
∂δ(~x, t)
∂t
=
D(t)
a2(t)
∆~xδ(~x, t), (65)
with the diffusion coefficient
D =
3π cos4 θWM˜
4
40Γ(6)α2e.m.T
5
. (66)
The diffusion coefficient D(t) depends on time via T (t).
We find the minimal mass in the perturbation spec-
trum caused by neutralino diffusion from the perturba-
tion region. The solution of (65) for the Fourier compo-
nents has the form
δ~k(t) = δ~k(tf ) exp
{
−k2Cg5/4∗ M˜4
(
t5/2 − t5/2f
)}
, (67)
where C = const. The factor Cg
5/4
∗ M˜
4(t5/2 − t5/2f )
in front of k2 in (67) is the diffusion length square
λ2D(t)/a
2(t) in comoving coordinates. Then the minimal
mass due to the neutralino diffusion from the fluctuation
region is
MD=
4π
3
ρχ(td)λ
3
D(td) = 5×10−12
( m
100 GeV
)−15/8
×
(
M˜
0.2 TeV
)−3/2 ( g∗
10
)−15/16
M⊙. (68)
The expression for functional dependence (67), ob-
tained in the diffusion approximation, coincides with the
correspond- ing expression obtained by other means in
[191].
5.4. Free streaming
In the limit case τ ≫ 1, i.e., after the kinetic decou-
pling, Eqn (52) takes the simple form
∂f
∂t
+
pi
ma2
∂f
∂xi
= 0, (69)
Its solution in the Fourier space is
f ∝ exp
[
ikjpj
mad
g(t)
]
, (70)
where
g(t) = a(td)
t∫
td
dt′
a2(t′)
. (71)
Solution (70) is also valid with good accuracy for τ ≥ 1,
because, according to (58), the kinetic decoupling pro-
ceeds very rapidly. The momentum distribution at the
decoupling time is given by Maxwell distribution (38).
Integrating the product of (38) and (70) over d3p, we
obtain
n~k(t) = n~k(td)e
−(1/2)k2g2(t)Td/m, (72)
i.e., until the instant t, all perturbations are flattened due
to free steaming on the physical scale
λfs(t) = a(t)g(t)
(
Td
mχ
)1/2
. (73)
This scale corresponds to clumps with the minimal mass
Mfs(t) =
4π
3
ρm(t)λ
3
fs(t), (74)
where ρm(t) = ρeqa
3
eq/a
3(t). In the RD epoch, Mfs(t) in-
creases logarithmically with time. This growth saturates
at the matter-dominated stage. The resultant massMmin
at the instant t0 can easily be found from the Friedmann
equation:
Mmin=
π1/4
219/431/4
ρ
1/4
eq t
3/2
d
G3/4
(
Td
m
)3/2
ln3
{
24
πGρeqt2d
}
.
(75)
Using (59) and (60), we obtain
Mmin ≃ 2× 10−7
( m
100GeV
)−15/8( M˜
0.2 TeV
)−3/2
×
(g∗
10
)−15/16 (Λ∗
83
)3
M⊙, (76)
where Λ∗ is the logarithm from Eqn (75).
Thus, there are two processes of cosmological pertur-
bation flattening in the neutralino gas. The first is neu-
tralino diffusion due to neutralino scattering on neutri-
nos, electrons, and positrons. This process is effective
as long as neutralinos remain in kinetic equilibrium with
the cosmic plasma. Before the decoupling instant td, all
perturbations with massesM < MD ≃ 10−13−10−12M⊙
are smoothened. The second process is the free streaming
of neutralinos. It starts at later epochs at t > td, flattens
larger perturbations with M ≤ Mfs, and ultimately de-
termines the minimum possible massMmin [formula (76)]
in the present-day mass function of clumps. We note
that the supersymmetry parameters are usually chosen
in the literature such thatMmin is of the order of Earth’s
mass (∼ 10−6M⊙). Accurate calculations of the pertur-
bation spectrum transformation due to diffusion and free
streaming, taking GR corrections to the evolution equa-
tions into account, are presented in [41,90].
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5.5. Cosmological horizon and acoustic oscillation
effects
In Sections 5.2-5.4, we assumed that all the consid-
ered scales, including the free streaming scale, are much
smaller than the horizon size. This is indeed the case for a
wide range of supersymmetry parameters. However, the
supersymmmetry parameters that yield a low value of Td
are often considered. In this case, horizon effects, such
as acoustic oscillation and an effect similar to Silk decay,
become important. These effects cut off the perturba-
tion spectrum at high masses and thus become decisive
for Mmin calculations. Moreover, according to the cal-
culations in [46], the mass spectrum cutoff may not be
exponential, and the mass function can increase in ac-
cordance with a power law, ∝ M−1/3, toward low-mass
clumps, although the integral contribution of clumps de-
scribed by this asymptotic behavior to the total mass of
clumps is small.
Qualitatively, the role of the cosmological horizon in
cutting off the perturbation spectrum can be represented
as follows. The evolution of perturbations with masses
M ≪ Md and M ≫ Md differ greatly after the hori-
zon crossing [62]. Perturbations M ≪ Md run as sound
waves. Such fluctuations do not produce a boost in the
dark matter peculiar velocity, and therefore perturba-
tions in dark matter do not grow logarithmically. After
the kinetic decoupling, their amplitude is “frozen” until
the matter-dominating epoch begins, and their evolution
is described by the Meszaros solution. Thus, at masses
close to M ∼ Md, the perturbation spectrum demon-
strates a cutoff and is flattened at smaller masses (or,
possibly, has the form ∝M−1/3 [46]).
In the opposite case M ≫ Md, the peculiar velocities
take the form vph vpH ≃ δHc/3 immediately after the
horizon crossing [129]. Unlike thermal velocities, these
peculiar velocities are regular and directed toward the
perturbation center. Adiabatic perturbations grow ac-
cording to the law dδ ∝ ln(t) + const due to the peculiar
velocity evolution, vp(t) ≃ vpHa(tH)/a(t).
The effect of acoustic oscillations on dark matter den-
sity perturbations near the horizon crossing time was
studied in [62]. As in the case of baryon acoustic os-
cillations, oscillations near the horizon scale appear in
the dark matter perturbation spectrum.
The most detailed calculations of quasi-free streaming
with friction for neutralinos were performed in [46], com-
plementing the calculations in [62]. In [46], expressions
for the decoupling temperature and minimal mass were
obtained as
Td = 7.65C
−1/4g
1/8
∗
( m
100 GeV
)5/4
MeV, (77)
Mmin = 7.59× 10−3C3/4
(
m
√
g∗
100 GeV
)−15/4
M⊙, (78)
with the dimensionless constant
C = 256 (GFm
2
W )
2
(
m˜2
m2
− 1
)−2∑
L
(b4L + c
4
L), (79)
where GF is the Fermi coupling constant, GFm
2
W =
0.0754, mW , m˜ and m are the respective masses of the
W -boson, slepton, and neutralino, and bL and cL are the
respective left and right chiral coefficients; the number of
degrees of freedom at the decoupling time is g∗ = 43/4.
The value of C calculated in [39], which is related to the
squared matrix element for l+ χ→ l+ χ scattering, dif-
fers from that in Eqn (78) by a factor of 1.6. According
to (78), the kinetic decoupling under typical supersym-
metry parameters, as assumed in [46], occurs at the tem-
perature Td = 22.6 MeV, i. e., after the muon-antimuon
annihilation but before the e+e− annihilation epoch, and
the e+e− annihilation slightly modifies the perturbation
spectrum [46]. The mass in (78), as in [62], is close to
the mass inside the horizon at the decoupling time by the
order of magnitude. Modelling of the cosmic plasma by
a nonperfect fluid [61] gives another way to calculate the
minimum mass.
We note that in calculations like those in [46,62], meth-
ods of the relativistic theory of density perturbation evo-
lution, taking the gravitational potential of radiation into
account as long as effects near the cosmological horizon
are considered.
5.6. The Mmin mass for superheavy neutralinos
The assumption that dark matter was in chemical and
thermal equilibrium with radiation is not necessary and
is invalid for sufficiently heavy particles. In this case,
the constraints on the minimal halo mass considered in
Sections 5.2-5.5 are absent. If the equilibrium did occur,
Mmin would be very small for superheavy particles due to
the early kinematic decoupling of clumps from the cosmic
plasma [102]. Neutralinos in the superheavy supersym-
metry proposed in [22] were considered to be superheavy
dark matter particle candidates that interacted with ra-
diation at early epochs. Superheavy supersymmetry is a
unique renormalizable model that respects unitarity de-
spite the particle masses that are much larger than the
electroweak scale. For example, a neutralino with the
massm = 1011GeV= 1.78×10−13 g can be created grav-
itationally at the end of the inflation stage to provide the
value Ωχh
2 ≈ 0.1 derived from WMAP observations.
In the conditions of decoupling, τ−1rel ≃ H , the running
coupling constant and mixing parameters at a tempera-
ture T are used as obtained from the Standard Model,
sin2 θW (T ) = 1/6 + 5α(T )/[9αs(T ))]. For MSUSY =
1012GeV, in the case of a bino and a Higgsino, we respec-
tively find Td ≃ 2×1011 GeV and Td ≃ 2 GeV. The dark
matter mass inside the horizon at these temperatures is
respectively Md ≃ 6 × 10−12 g and Md ≃ 6 × 1021 g.
That is, in the case of the bino, the mass Md is higher
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than the particle mass m ∼ 1011 GeV= 1.78 × 10−13 g
by only a factor of 34.
The free-streaming scale and mass λfs for superheavy
dark matter particles are very small. In the case of the
bino, the decoupling time is td = 7× 10−30 s and Mfs ≃
4.6 × 10−11 g. The latter quantity is larger than the
particle mass by only a factor of 260, and all masses
of clumps starting from M ∼ 260m are possible. In the
case of the Higgsino, Mfs ≪ m, and free streaming plays
no role in the perturbation evolution. Hence, two mass
scales, Md and Mfs, could play the role of the minimal
clump mass Mmin. In the case of the bino, Mfs > Md,
and the cutoff in the mass function starts atMmin ∼Mfs.
In the case of the Higgsino,Mfs is very small andMmin ∼
Md.
6. FORMATION OF THE CLUMP MASS
FUNCTION IN EARLY HIERARCHICAL
CLUSTERING PROCESSES
Dark matter objects with the minimal massMmin were
the first gravitationally bound objects in the Universe.
Clumps with larger masses, which in the case of the
usual power-law spectra were formed at later epochs,
consist of less massive clumps and are themselves cap-
tured by larger clumps. Most of the small-scale clumps
that are present in larger and typically more massive
clumps (which we call ‘host’ clumps) are destroyed by
tidal forces. Hierarchical clustering on small scales is a
rapid nonlinear process. The formation of new clumps
and their capture by more massive objects occur almost
simultaneously. Indeed, it follows from the form of the
transfer function T (k) that the power-law exponent of the
perturbation spectrum on small scales is n ≈ ns−4 ≈ −3,
and the perturbation σ(M) ∝M−(n+3)/6 is almost inde-
pendent of M . This leads to a complication in N -body
simulations [192]. The clumps are not fully virialized
by the time they are captured by the host clumps; there-
fore, the adiabatic invariants do not prevent clumps from
being destroyed at this stage, since the singular density
profile in the clumps had not been formed by that time.
The internal dynamical time in the clump is of the same
order of magnitude as the time of its capture by the host
clump.
The described picture of hierarchical clustering is valid
only when the perturbation spectrum has no sharp peak,
for example, is close to a power law. In peaked spec-
tra, there are long periods without clustering: clumps
formed from the peak region can be the only clump pop-
ulation for a long time, and only after a long time de-
lay does the clump formation from spectral parts with
larger scales begin and the clumps are captured by these
new structures. In Sections 6.1-6.3, we consider the stan-
dard power-law primordial perturbation spectrum and
discuss the hierarchical clustering of clumps in a wide
mass range.
6.1. Press–Schechter formalism
The Press–Schechter theory is based on the spher-
ical model considered in Section 3.1. The spherical
model yields the clump formation threshold δ(t) ≥ δc (a
more precise criterion is given by the ellipsoidal collapse
model), which allows calculating the statistical charac-
teristics of dark matter halos being formed using per-
turbation properties at the linear stage. The probability
that a dark matter particle is in the region with δ(t) ≥ δc
(with flattening on the scale M) is expressed as
P (M) =
1√
2πσ(M)
∞∫
δc
dδ′ exp
(
− δ
′2
2σ2(M)
)
. (80)
Then the differential number density of noncaptured
(free) clumps, i.e., those that are not included in large
host clumps, is given by the Press–Schechter formula [34]
dn(t,M) = −2 ρ¯0
M
dP (M)
dM
dM (81)
= −
(
2
π
)1/2
ρ¯0
Mσ(M)
dσ(M)
dM
νe−ν
2/2dM
where ν = δc/σ(M). In the generalized Press–Schechter
theories [88] (see [33] for a very clear presentation), it was
possible to construct a powerful mathematical formalism
and to make many statistical predictions; in particular,
the factor 2 in formula (81) was explained, which was not
present in the original theory [91].
From the standpoint of searching for annihilation sig-
natures, it is not only individual clumps with mass func-
tion (81) that are of interest; so are clumps captured in-
side other objects, in particular, inside the dark matter
halo of our Galaxy. In the first approximation, the mass
function of clumps in the halo at the halo formation time
is given by formula (81), with the clump number density
increase in proportion to the halo density growth taken
into account. This statement is valid in the case where a
big difference exists between the clump and halo masses,
when the biasing1 effects are small.
The initial mass function of clumps entering a large-
scale halo at the instant of formation was calculated more
precisely in [92] using the generalized Press–Schechter
theory. Another original approach to the calculation of
this mass function was used in [193], where the host
halo was considered a part of a closed universe and
the Press–Schechter mass function was calculated in this
background. The Press–Schechter formalism was used
in [194,195] to study substellar mass function formation,
and the authors of [195] concluded that effective clump
formation begins only for masses M ≫ Mmin. Those
1 Biasing in astrophysics means the dependence of the properties
of galaxies being formed on the mean density of matter on scales
greatly exceeding the galaxy scales.
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approaches ignore small-scale clump destruction by tidal
forces, which modifies the initial mass function. To cal-
culate the mass function of clumps, including clumps in-
side other structures, using only the statistical Press–
Schechter theory is insufficient, and the dynamical clump
destruction processes should be taken into account. The
dynamical effects (tidal stripping and dynamical fric-
tion) have been studied only for large subhalo masses,
M ≥ 106M⊙ (see, e.g., [196]). For the small-scale clumps
considered here, a quite different treatment is required,
because the hierarchical clustering of such clumps pro-
ceeds very rapidly and on the same time scale that their
internal density profile is established.
6.2. Tidal processes
The tidal destruction of clumps is a complicated pro-
cess that depends on many factors: the clump formation
history, the density profile in the host clump, the pres-
ence of other structures in the host clump, the orbital
parameters of individual clumps in the host clump, and
so on. These factors can be sufficiently fully taken into
account in numerical modeling only; nevertheless, it is
possible to make simple analytic estimates.
Let us consider a host clump with massMh, radius Rh,
and some distribution of smaller clumps inside it. These
small clumps move in the common gravitational potential
with the velocity dispersion∼ Vh ≃ (GMh/Rh)1/2. By
tidally interacting with the environment, a small clump
is ‘shaken’ and its internal energy (the kinetic energy
of dark matter particles) increases. We first consider the
interaction of the clump with another, target clump when
the first flies with an impact parameter l by the target.
The target clump is characterized by a massM ′, a radius
R′, the core radius R′c = xcR, and some internal density
distribution.
The internal energy increase of a clump with mass
M during one collision in the momentum approximation
[197] is expressed as
∆E =
1
2
∫
d3r ρint(r)(vx − v˜x)2, (82)
where vx is the dark matter particle velocity increase
along the x axis and v˜x is the same quantity for the center
of mass of the clumps. It is easy to obtain
vx =
2GM ′
vrelR′
g(y), (83)
where y = l/R′, and the function g(y) depends on their
internal structure [39]. The rate of the internal energy
increase due to collisions of the selected clump with all
other clumps is determined as
E˙ =
∫
2πlvreldl
∫
dM ′ψ(M ′, t)∆E, (84)
assuming that the mass function ψ(M ′, t) inside the host
clump is known.
As another process that can be responsible for tidal
destruction, we consider clump interaction with the com-
mon gravitational potential of the host clump. The en-
ergy increase per unit mass at a distance r from the
barycenter of the selected small clump over the time of
one periastron passage (if the orbit can be treated as
elliptical) is [197]
〈Ep〉 = GMh
R3h
r2
(
Rh
Rp
)β
χecc(e)A(ωτ), (85)
where e is the orbital eccentricity, Rp is the periastron
distance, the function χecc is presented in [197], and the
adiabatic correction is A(x) = (1 + x2)−γ , γ ≃ 2.5 − 3.
The clump energy increase over one period Torb has the
form ∆E =
∫ 〈Ep〉ρint(r)d3r, and the energy rate increase
is
E˙ =
2∆E
Torb
. (86)
As shown in Section 6.3, clumps are tidally destroyed
with a high probability, and the survival probability of
each clump is ξ ≪ 1. During the rest lifetime, the surviv-
ing clumps are surrounded by other clumps with the mass
function ψ(M ′, t). When the host clump is destroyed,
the selected small-scale clump under consideration turns
out to be inside a clump with a larger mass and with a
small-scale clump distribution ψ(M ′, t), but with a larger
time t. The characteristic formation time of the minimal
host clump is close to tf , and the destruction time can
be much longer than tf . The energy increase rate due
to both mentioned processes is given by the sum of (84)
and (86).
Above, we sketched the ideas of more precise calcu-
lations, which were carried out by extracting individual
processes from the general complex picture of tidal de-
structions. However, real processes are so chaotic that
it is worth using a simplified approach by assuming that
for a clump with mass M and radius R, after the typical
gravitational impact, the internal energy increases by the
value
∆E ∼ 4π
3
GρhMR
2, (87)
where ρh is the mean density of the host clump.
6.3. Hierarchical clustering taking destructions
into account
The process of transition of a clump from one host
clump to another occurs almost continuously in time un-
til the last host clump is formed, in which tidal destruc-
tions become ineffective. The survival probability of the
clump is defined as the fraction of clumps with mass M
that survived tidal destructions during the hierarchical
clustering. The first host clump mostly contributes to
the tidal destruction of the selected clump, especially if
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their densities are similar. With the dynamical effects in
the Press–Schechter theory taken into account, the distri-
bution function of clumps that avoided destruction was
calculated in [83] as
ξ
dM
M
dν ≃ ν dν√
2π
e−ν
2/2f1
d log σeq(M)
dM
dM, (88)
where f1 ≃ 0.2 − 0.3. Qualitatively, the first factor ν in
(88) corresponds to the fact that the clumps that were
formed from high peaks (with higher values of ν) are more
resistive to the destruction processes than those formed
from low peaks (with smaller ν). After integrating (88)
over ν, we obtain
ξint
dM
M
≃ 0, 02(n+ 3) dM
M
. (89)
The effective power-law exponent in (89) is n = −3(1 +
2∂ lnσeq(M)/∂ lnM), which very weakly depends on M .
Equation (89) assumes that for the typical n, only a small
fraction of clumps (about 0.1 − 0.5 %) survive the hier-
archical tidal destruction in each logarithmic mass inter-
val ∆ lnM ∼ 1. It should be noted that the physical
meaning of the survived clump mass function ξ dM/M is
different from that of free clumps described by the Press–
Schechter formula ∂F/∂M .
Substellar-mass clump formation was studied in nu-
merical simulations in [44, 77]. The form of the differ-
ential clump number density n(M) dM ∝ dM/M2 turns
out to be close to that obtained for large clumps with
masses M ≥ 106M⊙. The simple law, M−1, of mass
function (89) is in good agreement with the results of
numerical simulation in [77], up to a normalization co-
efficient of the order of unity. Good agreement when
extrapolating our calculations to the data of numerical
modeling of large clumps with M ≥ 106M⊙ [43] must
also be noted.
At later times, mass function (89) is transformed due
to tidal interactions with stars of the Galaxy; these pro-
cesses are considered in Section 7.
7. DESTRUCTION OF CLUMPS IN THE
GALAXY
The problem of the mechanisms and efficiency of de-
struction of substructures in galaxies was previously dis-
cussed in [198], and for large (galactic scale) dark matter
subhalos, it was addressed later in many analytic and
numerical studies. Similar studies of small-scale clumps
started only recently. Clumps with distribution function
(88) joined the Galaxy at the time of its formation, and
later these clumps lost mass and were partially or fully
destroyed due to tidal interactions with stars or with the
collective field of the disc.
In many papers (see, e.g. [43,48]), a simplified criterion
of the clump tidal destruction was used. Namely, a clump
is Passumed to be destroyed if its total internal energy
increase
∑
(∆E)j after several disc crossings (or tidal
interactions with stars) becomes of the same order as the
initial clump binding energy |E|, i.e.,∑
j
(∆E)j ∼ |E|, (90)
where the summation is made over successive tidal inter-
action events. This criterion is valid at the early stages
of hierarchical clustering in the clump formation epoch,
because the clump density profile formation and tidal
impacts occur in one epoch, and the clumps in which
the density profiles have not yet been formed and which
have no cores are mostly being destroyed. In the case
of clump destruction in the Galaxy in later epochs, the
gradual mass loss in each of the tidal interactions [199-
201] should be taken into account; in particular, this was
noted for small-scale clumps in [40, 202, 203].
Condition (40) implies that the clump has lost most of
its mass. This simple criterion is useful in calculations if
only the main mass loss is of interest. However, to calcu-
late dark matter particle annihilation, it is important to
know what the clump remnant is, because the surviving
clump cores produce approximately the same annihila-
tion signal as the original clumps. The main difficulty in
exactly solving the problem is taking the mass loss in the
inner regions of clumps into account during their com-
plicated dynamical restructuring immediately after the
tidal impacts.
7.1. Clump destruction by the disc field
We consider clumps that move in orbits in the galactic
halo and cross its stellar disc. The Galaxy disc has the
surface density
σs(r) =
Md
2πr20
e−r/r0 , (91)
where Md = 8× 1010M⊙ and r0 = 4.5 kpc. The increase
in the dark matter particle energy relative to the clump
center energy after a single disc crossing is expressed as
[204]
δE =
4g2m(∆z)
2m
v2z,c
A(a), (92)
where ∆z is the vertical distance (across the disc plane)
from the dark matter particle to the clump center, vz,c
is the vertical clump velocity relative to the disc at the
disc crossing time, A(a) is the adiabatic correction, and
the gravitational acceleration above the disc is gm(r) =
2πGσs(r). The factor A(a) in (92) describes the effect
of adiabatic protection from slowly varying tidal forces
[205]. This correction is given by the extra factor A(a) in
the energy increase calculated in the momentum approx-
imation. In [199], the formula A(a) = (1 + a2)−3/2 was
proposed. Here, the adiabatic parameter is determined
27
as a = ωτd, where ω is the orbital frequency of the dark
matter particle on the clump and τd ≃ Hd/vz,c is the
effective duration (fly-by time) of the gravitational im-
pact produced by a disc with the half-thickness Hd. For
the tidal interaction of the clump with bulge and halo
stars, the gravitational collision duration is estimated as
τs ∼ l/vrel, where l is the impact parameter and vrel is
the relative velocity of the clump and the star.
The internal density profile ρint(r) and the particle en-
ergy distribution function in the clump fcl(ε) (per unit
mass) in the model with an isotropic velocity dispersion
are related by the integral formula [206]
ρint(r) = 2
5/2π
0∫
ψ(r)
√
ε− ψ(r) fcl(ε) dε, (93)
The simplest models assume the isothermal distribution
function fcl(ε) ∝ exp(−2ε).
The energy addition δε from the tidal interaction leads
to the particle stripping off with energies in the range
−δε < ε < 0, and the clump density change at a radius
r is expressed as [83]
δρ(r) = 25/2π
0∫
−δε
√
ε− ψ(r) fcl(ε) dε. (94)
The adiabatic correction enters this expression via δε in
the lower integration limit, according to formula (92).
The clump mass loss in a single disc crossing event is
δM = −4π
∫ R
0
r2δρ(r) dr. (95)
We use NFW profile (45) in the Galaxy halo. The
relation between the density profile ρ˜H(x) and the distri-
bution function is given by the same formula (93) with
the substitution fcl ⇒ F (ε). The distribution function
F (ε) for halo profile (45) is presented in [207], and the
clump orbit distribution in the halo can be expressed in
terms of it [83]. Further, by choosing the time interval
∆T much longer than the clump orbital period Tt but
shorter than the Galaxy age t0, Tt ≪ ∆T ≪ t0, it is
possible to determine the mean mass loss by the selected
clump due to tidal impacts in successive disc crossings:
1
M
(
dM
dt
)
d
≃ 1
∆T
∑(δM
M
)
d
, (96)
where the summation ranges all successive disc crossing
points.
The destruction of large subhalos with masses M ≥
107M⊙ in their disc crossings was studied in numerical
simulations in [208]. Large clumps, unlike the small-scale
clumps considered here, can significantly affect the stellar
kinematics in the disc.
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Figure 7. Fraction of clumps with the mass M = 10−6M⊙
and the peak value ν = 2 that were not tidally destroyed
by the galactic disc, Pd, by galactic halo stars, Ph, and the
total fraction, Ptot = PhPd, as functions of the distance to the
galactic center. The rough clump tidal destruction criterion
(90) was used. The cut-off at r < 3 kpc is due to complete
clump disintegration in the galactic bulge.
7.2. Clump destruction by stars
The calculation of the clump internal energy increase
during a single stellar encounter with an impact param-
eter l is similar to the one carried out in Section 6.2
(the star plays the role of the host clump with the mass
M ′ = m∗). By integrating (82) over the clump volume
with the density profile ρint(r) from (32), for l > R, we
obtain the internal energy increase in the form
∆E =
2(3− β)
3(5− β)
G2MR2m2∗
v2rell
4
. (97)
The opposite case l < R is considered, for example, in
[39]. It is easy to verify that the minimal increase in the
internal energy occurs during a tangential stellar fly-by
at the distance l ≃ R from the clump center.
Depending on the impact parameter value, for different
stellar collisions of the clump, there can be two modes of
clump destruction [43]: (1) in one stellar encounter or
(2) after many tidal interactions with stars. The clump
internal energy increase rate is
E˙ = 2π
∫
∆E(l)n∗vrel l dl, (98)
where n∗ is the stellar number density.
Using the results in [209], we approximate the radial
stellar number density in the bulge at distances r = 1 −
3 kpc as
nb,∗(r) = (ρb/m∗) exp
[−(r/rb)1,6] , (99)
where ρb = 8M⊙/pc
3, m∗ = 0.4M⊙ and rb = 1 kpc.
The corresponding stellar number density in the halo at
r > 3 kpc outside the galactic disc can be approximated
as [210]
nh,∗(r) = (ρh/m∗)(r⊙/r)
3, (100)
28
where ρh = 1.4 × 10−5 M⊙/pc3 and r⊙ = 8.5 kpc. In
these calculations, we neglect the dark matter halo non-
sphericity and the stellar halo flatness [210].
The rough criterion in (90), which characterizes the
clump mass loss, yields the clump survival probability as
shown in Fig. 7. We see that the disc makes the largest
contribution to the clump destruction, and there are al-
most no clumps in the Galaxy bulge. The sharp jump
in the figure is due to the use of the bulge model with a
sharp boundary.
Clump destruction by stars was also studied in
[47,203,211], by numerical calculations in particular.
In some papers, the disc is regarded as a collection of
stars, and the tidal interaction is calculated in the same
way as when the clump flies through an infinite medium
consisting of point-like masses (stars), but during the fi-
nite time intervals that the clump crosses the disc. It
can be shown that in typical January 2014 Small-scale
clumps of dark matter 23 cases, the collective field of
the disc gives the leading contribution to the clump de-
struction. The clump internal energy increase in one disc
crossing due to interaction with individual stars relative
to that caused by the gravitational impact with the col-
lective disc field is
∆Estars
∆Edisk
∼ 0.6
(
R
0.015 pc
)−2
e(r−r⊙)/r0 cos θ, (101)
where r0 = 4.5 kpc and R = 0.015 pc is the radius of an
Earth-mass clump, 3 × 10−6M⊙, formed from the peak
with ν = 2 in the case of the density perturbation spec-
trum with ns = 0.96. That is, only for clumps with
minimal masses at r ≥ r⊙ are both contributions com-
parable, and when the mass and, accordingly, the radius
of the clump increase, the collective field effect becomes
dominant.
7.3. Remnants of clumps
We now turn to the question of clump core survival.
We describe the clump destruction processes in the disc,
bulge, and halo by a single equation for the clump mass
loss,
dM
dt
=
(
dM
dt
)
d
+
(
dM
dt
)
s
. (102)
In [82], Eqn (102) was solved numerically for the time
t0 − tG elapsed from the galaxy formation epoch until
the present instant t0.
The dark matter particle annihilation is the most im-
portant observational signature of the clumps. The dom-
inance of the central core in the clump annihilation signal
is critical for clumps with sufficiently sharp density pro-
files. Namely, the central core dominates in the annihi-
lation signal in the clump with power-law density profile
(32) if β > 3/2 and xc = Rc/R≪ 1. More precisely, the
value N˙ ∝ ∫ r
r0
4πr′2dr′ρ2int(r
′) is virtually independent of
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Figure 8. Survival probability P (r, ρ) as a function of the
distance to the galactic center r and the mean inner clump
density ρ for xc = Rc/R = 0.05. This yields the normalized
fraction of clumps in the halo P that escaped tidal destruc-
tions by the disc and halo. The clump density is normalized
to 7.3×10−23 g cm−3 of clumps with the mass M = 10−6M⊙
that originated from 2σ peaks, assuming a power-law pertur-
bation spectrum with the exponent ns = 1.
r if r ≫ r0. As a result, the annihilation luminosity of a
clump with a nearly isothermal density profile (β ≃ 2) is
almost constant during the tidal stripping process until
the clump radius becomes as small as the core radius.
In other words, in the modern Galaxy, the clump rem-
nants stripped by tidal interactions with xc < µ(t0)≪ 1,
where µ(t) = M(t)/Mi, t0 ≃ 1010 yrs is the age of the
Galaxy, satisfy Eqn (102) and have the same annihilation
luminosity as their progenitors at µ = 1.
Using the solution of Eqn (102), we can calculate the
clump survival probability P over the age of the Galaxy.
Calculations show that for clumps with xc ≪ 0.05, P ∼ 1
everywhere (see Fig. 8). Clumps from outer regions can
even fly inside the bulge. This means that the clump
remnants mostly survive in the tidal interactions in the
Galaxy. The probability decreases, P < 1, near the
galactic center for clumps with xc > 0.05. This can be
easily understood because as xc → 1, we return to the old
clump destruction criterion (90) with the corresponding
survival probabilities [43,48].
The aggregate surviving clump fraction, taking early
hierarchical clustering destructions and destructions in
the halo into account, is shown in Fig. 9 as a function of
the clump mass and the perturbation spectral exponent
for typical clumps produced by perturbations with ν = 2.
The clump mass function in the Galaxy is modified due
to the gradual mass loss by the clumps. According to the
theoretical model in [39] and numerical modeling in [77],
the differential number density of small-scale clumps in
the comoving frame n(M) dM ∝ dM/M2. This distribu-
tion is shown in Fig. 10 by the solid line. In the case of
flattening of small-scale perturbations with M < Mmin,
the additional factor exp[−(M/Mmin)2/3] arises, which is
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Figure 9. Initial fraction (dashed curves) and the present-day
fraction (solid curves) of the surviving dark matter clumps in
a unit logarithmic mass interval δM ∼M as a function of the
clump mass M for the spectral exponents ns = 0.949, 0.963,
0.977 and 1 (from top to down).
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Figure 10. The modified clump remnant mass function cal-
culated numerically at the galactocentric distances 3 and
8.5 kpc. The solid curve shows the initial mass function.
responsible for the perturbation decay at low masses M .
Due to the disc and stellar destructions, the initial (cos-
mological) clump mass function is transformed into the
final (modern) clump mass function, which is shown in
Fig. 10 for two distances from the galactic center. The
calculations assume the clump core radius to be very
small, such that all clump remnant masses are available.
With a finite core radius, the mass function would be cut
off at the clump core masses. It can be seen from Fig.
10 that the clump remnants exist for ∼ Mmin. In the
bulge near the galactic center, the clump remnants are
more numerous because of intensive clump destructions
in high-density stellar regions relative to the rarefied stel-
lar halo. The leading contribution to the formation of the
mass function tail at low masses is provided by clumps
with orbits close to the disc, which suffer stronger de-
structions. Another important point is the total destruc-
tion of clumps whose orbits lie entirely within the bulge.
Nevertheless, the clump number density in the bulge is
nonzero because most of the clumps have orbits extend-
ing beyond the bulge. These “transit” clumps spend only
a small fraction of their orbital periods inside the bulge
and thus avoid total destruction.
8. PARTICLE ANNIHILATION IN CLUMPS
Particle-antiparticle interaction can result in their an-
nihilation, accompanied by the rest-mass energy trans-
formation into other particles. For example, if photons
are present among the annihilation products, they can
in principle be registered by gamma telescopes, which
provides information on dark matter particles. Unlike
charged particles, photons are not deflected by cosmic
magnetic fields; therefore, they should be registered from
the directions to the sources, which can facilitate their
identification.
The local annihilation rate is proportional to the par-
ticle number density squared, and is therefore higher in
the central parts of dark matter halos. Generally, if any
inhomogeneities are present, ρ¯2 > (ρ¯)2; therefore, inho-
mogeneities always enhance annihilation signals. An in-
homogeneity can appear as a smooth central density in-
crease [for example, according to profiles (45) and (46)]
or as a collection of chaotic small-scale inhomogeneities
on top of this smooth regular density peak. Dark mat-
ter in the smooth profile is frequently referred to as the
diffuse halo component. The particle number density in
clumps is much higher than in the diffuse component,
and hence the clump annihilation signal in many models
dominates over the diffuse signal (usually except in the
most dense central core of the halo), even if the clumps
contain a small fraction of the total halo dark matter.
Recently, an excess of gamma rays from the central
parts of the Galaxy has been reported, which cannot
be explained by the radiation of ordinary astrophysical
sources and can be related to dark matter annihilation.
However, these results have not been reliably confirmed,
primarily due to uncertain astrophysical backgrounds.
Nevertheless, even an upper bound on the annihilation
radiation flux can provide invaluable information on pos-
sible dark matter particle parameters. As far as we know,
the idea to use such gamma-ray background constraints
was first proposed in [212].
The annihilation rate (the number of annihilated par-
ticles, which is equal to twice the number of annihilation
events) in a single clump is given by
N˙cl=4π
∞∫
0
r2drρ2int(r)m
−2〈σannv〉= 3
4π
〈σannv〉
m2
M2
R3
S,
(103)
where v is the relative velocity of two dark matter parti-
cles with mass m, and σann is the annihilation cross sec-
tion. The function S in (103) depends on the dark matter
distribution inside the clump. In particular, S = 1 in the
simplest case where the clump has a constant density,
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i.e., ρint(r) = const at r ≤ R and ρint(r) = 0 at r > R,
and S ≃ 4/(9xc) for the isothermal profile ρ ∝ r−2 with
a small core, xc ≪ 1.
In expression (103), Majorana particles are assumed,
i.e., those that are identical to their own antiparticles,
χ¯ = χ, as is the case for neutralinos. For Dirac parti-
cles, ρint would mean the sum of densities of particles
and antiparticles, and the extra factor 1/2 should be in-
corporated in (103).
8.1. Cross sections and spectra of neutralino
annihilation products
The quantity 〈σannv〉 can be expressed in terms of the
relative velocity v of two dark matter particles as
〈σannv〉 = a+ bv2 + cv4 + ... (104)
where a includes only the s-wave contribution, while b
includes contributions from both the s- and p-waves. For
small velocities v ≪ 1, only the first term can be consid-
ered.
In the expression for 〈σannv〉, averaging over the ther-
mal particle distribution is assumed. As a rule, thermal
distributions are realized in both the early Universe and
the typical dark matter halo models. Therefore, the ex-
pression for 〈σannv〉 is sufficiently universal, and it can
be used to connect particle creation in the early cosmo-
logical epochs and their annihilation rate in the modern
Universe. In the case of a strongly anisotropic or non-
thermal distribution function, an extra factor of the order
of unity appears in the expression for 〈σannv〉.
The most probable annihilation channel is into quarks
with the subsequent hadronization of the reaction prod-
ucts and the formation of an almost universal continuum
annihilation product spectrum. Gamma quanta in this
case are generated basically due to neutral pi-meson de-
cays:
x+ x¯→ π0 + all, π0 → γ + γ,
where “all” means all other annihilation products. The
fragmentation function dNi/dx for the differential par-
ticle number density of type i generated in a single an-
nihilation event with the energy E = xm is calculated
in [213,214], where various analytic approximations are
also presented. An important role in the formation of
the annihilation spectrum can be played by the intrinsic
bremssrahlung radiation from charged particles that can
be present among the intermediate annihilation products.
In specific calculations, the Dark-SUSY computer pack-
age [215] is frequently used, which allows obtaining the
cross sections and spectra of the annihilation products in
different channels under different assumptions about the
supersymmetry model parameters.
Some supersymmetry models allow neutralino anni-
hilation predominantly into the lepton channel. These
models were especially invoked in connection with data
of the PAMELA (Payload for Antimatter Matter Ex-
ploration and Light-nuclei in Astrophysics) experiment,
which is discussed in detail in Section 9.
In most of the simplest models, the main annihilation
signal is generated in the continuum, and spectral lines,
even if they are present, are suppressed. Nevertheless,
the generation of lines, even if of a very low intensity,
is possible by neutralino annihilation into two photons,
into a photon and a Z0 boson, or into a photon and a
Higgs boson. The discovery of a narrow spectral line
would provide the unique opportunity to extract the sig-
nal from the background, because the usual astrophysical
sources can hardly generate high-energy spectral lines.
In this connection, of great interest have been the recent
claims of observations of a possible line at 130 GeV by
the Fermi-LAT (Fermi Large Area Telescope) instrument
from the central region of the Galaxy [216, 217], as well
as a possible indication of the presence of this line from
galaxy clusters [218] and from some unidentified Fermi-
LAT sources (see a detailed discussion of these issues,
which are highly relevant today, in [219]). Intriguing is
the ≃ 1.5◦ shift of the maximum of the emission from
the dynamical center of the Galaxy. However, the shift
is difficult to accommodate in the annihilation scenario,
because the off-center dark matter cusp location would
lead to its tidal destruction in interactions with the bary-
onic matter cusp [220].
We now consider the Sommerfeld enhancement effect,
which can significantly boost the particle annihilation
cross section at low relative particle velocities, especially
inside clumps. The Sommerfeld enhancement became
very relevant and widely discussed in connection with
the PAMELA experimental results considered in Section
9 because this effect only proved to be capable of produc-
ing the required boost factor of several orders of mag-
nitude if clumps with masses ≥ 105M⊙ are present in
the Galaxy. That the Sommerfeld enhancement plays
an important role in the annihilation of supersymmet-
ric dark matter particles was first argued in [221, 222].
The Sommerfeld enhancement, which is an increase in the
annihilation cross section, is due to multiple exchanges
of intermediate bosons between the annihilating parti-
cles. This exchange, which occurs according to ladder
Feynman diagrams, corresponds to a certain distortion
of the wave function of the annihilating particles due to
the presence of an additional interaction potential in the
Schrodinger equation [223]. For supersymmetric parti-
cles, it is important here that the neutralino belongs to a
multiplet of states with close masses, between which co-
annihilation occurs. Therefore, for example, for a bino,
which is a singlet, the Sommerfeld enhancement is ab-
sent. The Sommerfeld enhancement for superheavy neu-
tralinos was considered in [181].
The Sommerfeld enhancement is most frequently mod-
eled by the Yukawa potential V (r) = −(α/r)e−mV r,
where mV is the mass of the force-carrier particle. In
the Coulomb limit mV → 0, the boost coefficient R (the
ratio of the perturbative to the nonperturbative annihila-
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tion cross sections), which is determined by the relation
〈σv〉 = R〈σv〉0, has the form
R = πα
β
(1− e−πα/β)−1, (105)
where β = v/c. For small β, R ∝ 1/v. However, at very
small β, of the order of 10−4 (in the model with parti-
cle masses around 1 TeV considered in [223]), saturation
occurs, and no cross-section boost occurs upon a further
velocity decrease. When changing the ratio between the
masses of the dark matter particle and the interaction
carrier particle, resonances appear in the annihilation
cross section, in which the enhancement coefficientR can
be as high as R ∼ 104− 105 [223]. In addition, as shown
in [223], due to the Sommerfeld effect, the cross section
of the neutralino annihilation into electron-positron pairs
is of the same order of magnitude as the cross section of
the annihilation into intermediate bosons, whereas in the
absence of the Sommerfeld effect, the former cross section
is suppressed by the factor (me/m)
2.
The annihilation products can also be observed indi-
rectly. For example, the synchrotron radiation of charged
particles created in neutralino annihilations can explain
the diffuse background radio emission observed by the
ARCADE-2 (Absolute Radiometer for Cosmology, As-
trophysics, and Diffuse Emission 2) experiment and by
other detectors [224].
8.2. Determination of astrophysical backgrounds
that are not connected with annihilation
In searches for dark matter particle annihilation, the
complicated problem arises of extracting the signal from
different backgrounds produced by cosmic rays and usual
astrophysical sources. It is most difficult to determine
the interstellar cosmic ray contribution, because the rays
propagate far away from their sources and generate dif-
fuse gamma- ray backgrounds when interacting with the
interstellar gas and radiation field.
The observed fluxes of cosmic ray charged particles
are compared with charge particle fluxes in the secondary
generation model developed by Ginzburg and Syrovatsky
[225, 226], and its modern version is conveniently realized
in the GALPROP computer code [227]. This model is
key in searching for different spectral anomalies that can
suggest dark matter particle annihilation.
Presently, searches for dark matter particle annihila-
tion are mainly carried out by Fermi Space Gamma-ray
Observatory (the former Gamma-ray Large Area Space
Telescope, GLAST), launched in 2008, and the LAT
(Large Area Telescope) is the main instrument aboard
this space gamma-ray observatory. In the GeV energy
range, Fermi-LAT has a resolution of about 1 degree,
which corresponds to its point-spread function at a level
of 68angular size, observed by Fermi-LAT, cannot be
considered point-like any more, and the telescope sees
only part of their gamma-ray emission in each direc-
tion. Fermi-LAT enables detection of gamma-ray quanta
with energies above 100 MeV and has the sensitivity
Φ(E > 100 MeV) = 6.0 × 10−9 cm2 s−1 for point-like
sources. Not all of the point-like sources observed have
been identified, and some of them could be produced by
annihilation of large dark matter clumps. Bounds on
the number of clumps and their progenitor perturbation
spectrum in different mass ranges were obtained in [153]
by comparing the Fermi-LAT point-like sources and the
calculated annihilation signal from clumps, both galac-
tic and extragalactic. In addition, in [153], constraints
from diffuse emission, reionization, and gravitational mi-
crolensing were considered. A comparison of the Fermi-
LAT data with the annihilation signal from clumps cal-
culated for a power-law dependence of the annihilation
cross section on the relative particle velocity σann ∝ v−β
(taking the Coulomb enhancement into account), where
β is a free parameter, was made in [72]; constraints on β
and other parameters were obtained.
8.3. Parameterization of the annihilation signal
When calculating the annihilation signal, it is conve-
nient to separate factors related to the dark matter parti-
cle properties from ‘astrophysical’ factors caused by dark
matter distribution and clumping. The latter include, in
particular, the character of dark matter clustering and
the presence of clumps. Following [53], we write the ob-
served flux from the direction ψ averaged over the solid
angle ∆Ω as
Jγ(E,ψ,∆Ω) = 9.4× 10−11 dS
dE
〈J(ψ)〉∆Ω, (106)
where
dS
dE
=
(
100 GeV
m
)2∑
F
〈σF v〉
10−26 cm3s−1
dNFγ
dE
, (107)
dNFγ is the number of photons per single annihilation
event (per pair of annihilating particles), and the astro-
physical factor (in the direction c, averaged over the solid
angle DO) is
∆Ω)
〈J(ψ)〉∆Ω = 1
8.5 kpc
1
∆Ω
∫
dΩ′
∫
dL
(
ρ(r)
0.3 GeV cm−3
)2
.
(108)
The integration is carried out along the line of sight. For
Dirac particles, an extra factor 1/2 emerges in (106), and
ρ = ρ+ + ρ− denotes the total dark matter density (the
sum of particles and antiparticles).
In the case of an ordinary ∼ 100 GeV neutralino, the
generation rate of gamma-ray photons in a clump can be
approximately represented as 2ηπ0N˙cl, where ηπ0 ∼ 10 is
the multiplicity of neutral pions. Here, it is assumed that
the neutralino annihilates to produce π0 with subsequent
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decays π0 → 2γ. The cumulative flux at the angle ψ to
the Galaxy center is
Jγ(E > mπ0/2, ψ) = (109)
1.9× 10−10
( m
100 GeV
)−2 〈σv〉
10−26 cm3s−1
〈J(ψ)〉∆Ω.
The astrophysical factor for particle annihilation in
clumps has the form
〈J(ψ)〉∆Ω = (110)∫
dξcl
( ρcl
0.3 GeV cm−3
) ∫
l.o.s.
dL
8.5 kpc
(
ρH(r)
0.3 GeV cm−3
)
,
where ξcl is assumed to include the survival probability
P calculated in Section 7.3, and l.o.s. means that the
integration is performed along the line of sight.
8.4. Enhancement of the annihilation signal
Annihilation signal enhancement is often referred to as
the boost factor. As a rule, the enhancement is consid-
ered relative to the model in which the Galaxy halo or
another dark matter object does not contain small-scale
substructures. For example, a boost factor of 10 is re-
quired in the ordinary neutralino annihilation model to
explain the gamma-ray excess observed by EGRET (En-
ergetic Gamma Ray Experiment Telescope) [229]. The
boost factor in the direction ψ is defined as
B(ψ) =
Jcl(ψ) + Jhom(ψ)
Jhom(ψ)
, (111)
where Jhom(ψ) is the signal from nonclumped dark mat-
ter in the halo. For 〈σannv〉 = const, the enhancement η
does not depend on the annihilation cross section and is
determined by dark matter clumping only.
To calculate the total signal integrated over all direc-
tions, instead of ∆Ω−1
∫
dΩ′, integration over angles is
performed:
π∫
0
dζ sin ζ
2π∫
0
dφ ... (112)
where ζ is the angle between the line of sight and the di-
rection to the Galaxy center. The distance l between the
clump and the Galaxy center can be expressed through r
(in this case, it is simply the distance from Earth to the
clump), r⊙ (the distance from the Sun to the galactic
center), and ζ as l(ζ, r) = (r2 + r2⊙ − 2rr⊙ cos ζ)1/2. The
maximum distance from the Sun to the outer halo bound-
ary in the direction ζ is ζ, rmax(ζ) = (R
2
H − r2⊙ sin2 ζ)1/2,
where RH ∼ 100 kpc is the virial radius of the galactic
halo and r⊙ = 8.5 kpc.
Under the assumption that the clump number den-
sity is proportional to the halo density, i.e., ncl(l) =
ξρDM(l)/M , the boost factor can be conveniently esti-
mated as
B ≈ 1 + ξS(xc, β) ρ¯int
ρ˜DM
, (113)
where ρ˜DM = 4.26 × 10−23 g cm−3. For example, for
the parameters β ≃ 1.8, xc ≃ 0.05, S(xc, β) ≃ 5, ρ˜H ∼
ρDM(r⊙) ∼ 0.3 GeV cm−3, ρ¯int ∼ 2 × 10−22 g cm−3,
and ξ ∼ 0.001, Eqn (113) yields the numerical estimate
B ∼ 3. A close estimate, B ∼ 4, for annihilation in the
galactic halo was recently obtained in [51].
8.5. Annihilation in galaxies and galaxy clusters
Properties of dark matter particles and their clus-
tering can be constrained by comparing the results of
model calculations with observations of the gamma-ray
background and point-like gamma-ray sources. Fermi-
LAT annihilation limits in galaxy clusters were anal-
ysed in [230-234]. As noted in [235], observations of
the Virgo, Fornax, and Coma clusters likely demonstrate
some gamma-ray excess, which can be explained by dark
matter particle annihilation. Fermi-LAT annihilation
limits in the Milky Way were studied, for example, in
[236-238]. A direct comparison of signals from the Galaxy
and galaxy clusters was performed in [239] (see Fig. 7
and Section 5.3 there) and [240] (see Table 1 there). The
signal of unseen galactic satellites was analysed in [241].
The tightest bounds on the annihilation cross sec-
tion are presently obtained from dwarf galactic satel-
lite spheroids [230]. The Fermi-LAT limits for these
objects are already close to the thermal cross section
< σv >≃ 3 × 10−26 cm3 s−1, even in the most con-
servative case without any boost factor [242, 243]. In the
case of the thermal cross section, dark matter particles
were produced in the early Universe in an amount just
sufficient to explain the dark matter abundance. Dwarf
galaxies seem to be very suitable for dark matter parti-
cle annihilation searches, insofar as they contain a small
amount of gas and have a low star formation rate. For
this reason, the cosmic rays must produce a low gamma-
ray background. On the other hand, dwarf spheroids ex-
hibit high mass–luminosity ratios (∼ 103M⊙/L⊙), i.e.,
they contain a relatively large amount of dark mat-
ter. Using the bound 〈σv〉 < 3 × 10−26 cm3 s−1, the
Fermi-LAT collaboration [242] inferred a minimum pos-
sible dark matter particle mass in the hadronic and lep-
tonic annihilation channels, ≃ 27 GeV and ≃ 37 GeV
respectively. An alternative analysis of signals and back-
grounds [243] suggests that the Fermi-LAT observations
of dwarf spheroids exclude, at the 95% level, dark mat-
ter particles with masses below 40 GeV in the hadronic
annihilation channel. In addition, searches for an annihi-
lation signal from globular clusters are being carried out
[244]. Some of these objects may be remnants of small
satellite galaxies stripped off by tidal forces and may con-
tain an appreciable amount of dark matter. However, no
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signals from globular clusters have been detected yet.
Details of annihilation signal calculations from dwarf
galaxies can be found in the papers cited above; here,
as an example, we calculate the signals from the Milky
Way and galaxy clusters in detail. In the Virgo cluster,
the distance from Earth to the cluster center exceeds the
virial cluster radius. Therefore, the integration over L in
(108) is bounded by the values Lmax,min(ψ) = ±(R2 −
r2V sin
2 ψ)1/2 + rV cosψ, and sinψ < sinψmax = R/rV ,
where the distance to the Virgo center is rV = 16.5 Mpc
[245]. Assuming the NFW profile for the Virgo cluster,
we have aV = 0.58 Mpc, RV = 2.4 Mpc, and ρV0 =
1.0× 105M⊙/kpc3.
We first compare the signals from the diffusive dark
matter component without clumps. Within the angular
size δψ = 1◦, signals from the Virgo cluster center and
from the galactic center are calculated to be
〈J(ψ)〉∆Ω( Milky Way) ≃ 1.4× 103, (114)
〈J(ψ)〉∆Ω( Virgo) ≃ 5× 10−2. (115)
Signals integrated over the solid angle ∆Ω = 4π for the
Milky Way and ∆Ω = 2π(1 − cosψmax) = 0.067 for the
Virgo cluster are
〈J(ψ)〉∆Ω( Milky Way) ≃ 3, (116)
〈J(ψ)〉∆Ω( Virgo) ≃ 9× 10−4. (117)
The centers of both the Galaxy and Virgo clusters are
fairly poor targets for annihilation signal searches due
to a strong background contamination from astrophysi-
cal sources, including the cosmic-ray induced gamma-ray
flux. In addition, the M87 galaxy with an active nu-
cleus is close to the Virgo center. Chances of detecting
the annihilation signal crucially depend on the assumed
signal-to-noise ratio, and hence the above estimates re-
main very uncertain.
We next consider the possible contribution from small-
scale clumps with distribution (88). The integration over
the clump distribution in Eqn (110) can be performed
analytically,
〈J(ψ)〉∆Ω ≃ 7.01
(
S(xc, β)
S(0.01; 1.8)
)(
σeq(Mmin, ns)
σeq(10−6M⊙; 0.963)
)3
×
× 1
∆Ω
∫
dΩ′
∫
dLρ(r)
0.3 GeV cm−3
,
(118)
where S(0.01; 1.8) ≃ 14.5, σeq(10−6M⊙; 0.963) ≃ 8.76 ×
10−3. With the contribution from the clump taken into
account, for the central parts of the Galaxy and Virgo
clusters with the angular size 1◦, we find
〈J(ψ)〉∆Ω( Milky Way) ≃ 1.4× 102, (119)
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Figure 11. The astrophysical factor J(ψ) (in conventional
units) as a function of the angle c from the line of sight and
the direction to the Galactic center.
〈J(ψ)〉∆Ω( Virgo) ≃ 13, (120)
and for signals integrated over angles, we obtain
〈J(ψ)〉∆Ω( Milky Way) ≃ 15, (121)
〈J(ψ)〉∆Ω( Virgo) ≃ 1.3. (122)
Hence, clump boosting in the Virgo cluster can reach
three orders of magnitude.
It is also interesting to compare the signals from
clumps with Mmin ∼ 10−6M⊙ generated from the stan-
dard power-law perturbation spectrum normalized to
the WMAP data and from diffusive dark matter in the
Galaxy. We assume that the clump distribution function
due to hierarchical clustering has form (88) and that the
clump survival probability can be taken from the results
in Section 7.3. The results of these calculations are pre-
sented in Fig. 11. It is seen that depending on the angle,
the enhancement of the signal due to dark matter clump-
ing reaches 2.5 orders of magnitude.
8.6. Anisotropy of annihilation signals
The annihilation signal is usually calculated by assum-
ing a spherically symmetric galactic halo. In this case,
the anisotropy of the annihilation gamma-ray remission
can only be due to the non-central galactic location of
the Sun. Nevertheless, as demonstrated in [63], the halo
nonsphericity can be fundamentally important for the
annihilation emission. According to observations, axes
of the galactic ellipsoidal halo differ by less than 10%-
20%; however, a higher difference, up to a factor of two,
cannot be excluded [246, 247]. This leads to an order-of-
magnitude uncertainty in the predicted amplitude of the
annihilation signal from the center and anticenter of the
Galaxy [63].
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Figure 12. The annihilation signal in the galactic disc plane
and in the plane normal to the galactic disc as a function of
the angle ζ between the line of sight and the direction to the
galactic center. For comparison, the annihilation signal from
the galactic halo without clumps is also shown.
The anisotropy relative to the galactic plane was dis-
cussed in [48,203]. The tidal destruction of a clump is
generally anisotropic and depends on the clump orbital
inclination to the disc plane. Accordingly, dark matter
annihilation in the halo (in surviving clumps) should also
be anisotropic. In Fig. 12, the annihilation signal calcu-
lated in [48] is shown in the galactic plane and in the nor-
mal plane passing through the Galaxy center. For com-
parison, Fig. 12 also shows the signal from a spherically
symmetric halo without clumps. This signal is the same
in both planes, and hence it can in principle be extracted
from observations. The difference between signals in two
orthogonal planes measured for the same angle ζ to the
center can be viewed as a measure of the anisotropy. We
consider the quantity δ = (I2 − I1)/I1. At ζ ≃ 39◦ it
takes the maximum value δ ≃ 0.09, which, however, is
significantly higher than the Fermi-LAT resolution.
The annihilation signal from the galactic center de-
pends on the dark matter central density profile. If there
is a density cusp [176], a bright source in the center of
the Galaxy should be present. However, this cusp in the
diffuse dark matter distribution can be smeared out by
baryons [248]. Small-scale clumps are destroyed more ef-
ficiently inside the stellar bulge around the galactic cen-
ter. It is also possible to observe dark “gamma-ray” cir-
cles in other galaxies, appearing due to the absence of
clumps in the central regions of these galaxies [203].
The intrinsic anisotropy of the annihilation signal due
to dark matter clustering should also be noted. The
corresponding angular spectrum of the annihilation sig-
nal fluctuations at small angular scales is related to the
dark matter clump spectrum [249-252]. In principle,
nearby clumps can appear in gamma-ray observations as
point-like sources [63,72]. Some evidence of small-scale
anisotropy produced by a population of point-like sources
was found in Fermi-LAT observations [253], and it is too
early to rule out that some of these sources can be dark
matter clumps. Another secondary source of annihila-
tion anisotropy can be the dipole anisotropy due to the
motion of the Sun in the Galaxy; this effect can easily be
observed.
8.7. Annihilation in ultradense clumps
The annihilation signal enhancement in clumps, on the
one hand, increases the chances of dark matter anni-
hilation detection; on the other hand, in some models,
the enhance- ment turns out to be so strong that the
predicted signal exceeds the observed background con-
straints, which imposes constraints on the parameters of
dark matter particles and clustering.
We first discuss standard neutralinos with a mass of
the order of the electroweak scale, which are generated
according to the thermal scenario. We show that if
not all of these particles were assembled into superdense
clumps at the RD stage, the annihilation flux would ex-
ceed the observed background, and therefore this sce-
nario (superheavy clumps from standard neutralinos) is
ruled out. We choose the parameters that minimize the
annihilation flux and assume the mean neutralino den-
sity in the clumps to be the minimal value correspond-
ing to the clump formation at the end of the RD stage,
ρ¯int = 178ρeq. Then the minimal gamma-ray flux aver-
aged over angles is
J totγ = 4.3〈σv〉26m−2100 cm−2s−1sr−1, (123)
where m100 is the neutralino mass m in units of 100 GeV
and 〈σv〉26 = 〈σv〉/(10−26 cm3s−1). Integral flux (123) is
larger than the observed one by five orders of magnitude.
However, the decrease in the number of clumps being
formed due to the initial nonsphericity of perturbations
turns out to be sufficient to reconcile the theory with ob-
servations [131]. It is possible to consider more massive
neutralinos and to choose the minimum possible annihila-
tion cross section [177] for the strongly suppressed s-wave
annihilation channel, 〈σv〉 = 1.7 × 10−30m−2100 cm3/s.
However, for the dark matter clump fraction fcl51, the
annihilation signal would still be several orders of magni-
tude higher than the diffusive flux measured by EGRET
and Fermi-LAT. This excess was noted in [177] in the par-
ticular case of clumps in the form of “neutralino stars”.
The annihilation upper bounds (in the model of usual
neutralinos) were used in [152, 158, 159] to conclude
that the mass fraction of clumps in dark matter is much
less than units. A similar conclusion was reached in
[149] from the analysis of the early annihilation effect
on the recombination process from CMB measurements.
In the standard model of the neutralino (∼ 100 GeV),
the simple possibility of avoiding the discrepancy with a
strong annihilation signal is provided by a small ampli-
tude of perturbations, when no superheavy clumps can
be formed. In particular, the absence of observed point-
like gamma-ray sources was used in [103] to conclude
that in the e+e−-annihilation epoch, the amplitude of
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the perturbation entering the horizon was less than 10−3.
In [159], additional constraints on clumps were derived
from the analysis of dark matter annihilation effects on
the reionization of the Universe.
We now discuss the annihilation of superheavy par-
ticles in superdense clumps. Although the existence of
superheavy dark matter particles is theoretically admis-
sible and well justified, their detection appears to be a
very difficult problem. Indeed, the creation of such par-
ticles in accelerator experiments and their direct regis-
tration go far beyond the existing capabilities and those
planned for the foreseeable future. The annihilation rate
of such heavy particles depends on mass approximately
as N˙ann ∝ m−4. Because the back-ground radiation, such
as cosmic rays from astrophysical sources and the diffu-
sive flux of gamma-ray photons, decreases with energy
only as 1/Eα with α ≤ 3 as the particle mass increases,
the indirect detection of dark matter particles seems to
be more and more an impossible task. One possibility
enabling us to overcome this difficulty is the formation
of a superdense core in clumps [255]. In [255], with the
aim of explaining the origin of ultra-high-energy cosmic
rays [256], superheavy dark matter particle annihilation
in the dense central part of the clumps was discussed
as an alternative to scenarios with superheavy particle
decays [20, 21].
Another possibility is the annihilation in superdense
clumps considered in [164, 181]. In sufficiently dense
clumps, relaxation due to two-particle gravitational scat-
tering can initiate the “gravothermal catastrophe”, and
the clump density profile can be transformed into the
isothermal profile ρ ∝ r−2 with a very small core ra-
dius. This is the case for the superheavy bino. Due to
the density increase, dark matter annihilation is substan-
tially enhanced. Unlike the bino, the vino and Higgsino
are strongly coupled to the thermal plasma; therefore,
no gravothermal catastrophe is occurs. Virial velocities
of dark matter particles in superdense clumps are very
small, which leads to the Sommerfeld enhancement of
the annihilation rate of the vino and Higgsino. With this
effect taken into account, the annihilation flux from su-
perheavy dark matter particles was shown in [164, 181]
to be at the observable level for all types of superheavy
neutralinos.
Neutralino annihilation in superdense clumps around
cosmic string loops was analyzed in [141]. The formation
of such clumps was discussed in Section 3.5. A compari-
son of the calculated signal with Fermi-LAT data treated
as the upper bound allows constraining the properties of
cosmic strings and dark matter particles.
To conclude this section, we mention three other pos-
sible annihilation effects. Charged particles created by
the particle annihilation in clumps can form additional
inhomogeneities in interstellar magnetic fields, which can
affect the cosmic ray diffusion coefficient [257]. The an-
nihilation of neutralinos at redshifts z ∼ 10 − 30 can
substantially change the thermal balance of gas in the
Universe, whereas this process without clumps is ineffec-
tive [258]. The annihilation in clumps can also affect the
reionization history of the Universe [259].
9. CHARGE PARTICLE FLUXES IN PAMELA,
ATIC, AND OTHER EXPERIMENTS
9.1. Observational data
As early as 1994, the balloon experiment HEAT (High
Energy Antimatter Telescope) discovered a small excess
of e+ in the energy range 6-10 GeV, possibly suggesting
dark matter particle annihilation. The excess of e+ with
the same energies was detected in the AMS-01 (Alpha
Magnetic Spectrometer 01) experiment. This positron
excess in the energy range 6-10 GeV was not confirmed
by later experiments, but “instead” new results suggested
an excess of positrons at higher energies.
The PAMELA detector aboard the Russian satellite
Resurs-DK1 for studying the charged component of cos-
mic rays was launched into orbit on 15 June 2006. It
can register positrons and protons in cosmic rays. The
2008 data release revealed an excess of e+ in the energy
range 10-60 GeV, where no solar modulation is expected.
In a short time, this excess was reliably confirmed up to
90 GeV.
Over 850 days of observations from July 2006 to De-
cember 2008, the PAMELA detector registered ≃ 1500
antiprotons with energies from 60 to 180 GeV; this an-
tiproton flux, up to model and experimental errors, is
in good correspondence with the secondary generation
of protons in cosmic ray interactions with the interstel-
lar gas [260]. In particular, the PAMELA data repro-
duce the expected shape of the spectrum with a maxi-
mum at about 2 GeV. Thus, the excess of e+ observed
by PAMELA is not associated with the excess of p¯.
The ATIC (Advanced Thin Ionization Calorimeter)
balloon-borne experiments revealed the presence of an
excess of electrons with energies 300 − 800 GeV, with a
sharp cut-off at higher energies. Because electrons can
easily be absorbed by the interstellar gas, such an excess
can be produced only by a nearby source.
The results of measurements in different experiments
significantly differ in some energy ranges. The flux of
electrons measured by ATIC somewhat exceeds the stan-
dard model prediction, while the PAMELA measure-
ments below 625 GeV are in agreement with the stan-
dard generation model [261]. The PAMELA data look
somewhat more convincing because the PAMELA detec-
tor provides good magnetic separation of particles, has
a larger volume calorimeter than ATIC, and is equipped
with a neutron detector; in addition, the PAMELA data
are visually scrutinized at the final stage.
PAMELA also provided the best constraints to date
on antideuterium and antihelium fluxes, except in some
energy ranges where more stringent bounds are provided
by the BESS (Balloon-borne Experiment with a Super-
conducting Spectrometer) experiment. These constraints
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are interesting from the dark matter standpoint, because
dd¯ and HeH¯e pairs can, with some probability, be cre-
ated by dark matter particle annihilation.
Recently, in the AMS-02 experiment aboard the Inter-
national Space Station, an excess of the positron fraction
at energies up to 350 GeV was reported [262], and thus
the PAMELA results were confirmed and extended to-
ward higher energies.
9.2. Annihilation scenario and its problems
Dark matter particle annihilation provides an expla-
nation for the observed e? excess in the PAMELA ex-
periment. This hypothesis has been widely discussed,
suggesting indirect registration of dark matter. Discus-
sions of the annihilating dark matter in connection with
the PAMELA data made these studies very topical and
stimulated detailed investigations of the neutralino mod-
els, accurate calculations of the annihilation cross sec-
tions and the annihilation product spectra, etc. Mod-
els with decaying dark matter particles have also been
discussed. It should be noted from the very beginning
that simpler astrophysical explanations have been imme-
diately suggested (see Section 9.3), and the dark matter
model is presently not considered to be the lead one.
Explaining the PAMELA results by the annihilation
of ordinary neutralinos generated by the thermal mecha-
nism requires invoking a significant boost factor, because
the annihilation cross section is determined by the neu-
tralino generation model, and this cross section is too
small to create the observed charged particle flow. As
we know, high-density clumps can increase the boost
factor [263]. Because the particle velocity dispersion in
the clumps is low, the Sommerfeld enhancement and ra-
diation corrections, which can increase the annihilation
cross section by several orders of magnitude, are equally
important. They can increase gamma-ray and positron
fluxes due to annihilation [264]. Earlier explanations of
the HEAT results by neutralino annihilation also required
a boost factor of the order of 30.
Thus, apparently, neutralino annihilation can easily
explain the PAMELA data. However, this scenario
runs into a serious difficulty. As noted in Section 9.1,
PAMELA observations do not show the antiproton ex-
cess, whereas typical annihilation models predict the gen-
eration of positron and antiproton excesses simultane-
ously. This problem is pertinent to the boost factor pro-
duced due to both clumps and other possible sources,
i.e., the problem is inherent to the annihilation scenario
in general, irrespective of the clump models.
Another major problem arises in relation to the Fermi-
LAT flux bounds from dwarf galaxies and galaxy clusters.
These bounds strongly constrain or (in the most typical
models) exclude the PAMELA data interpretation of the
neutralino annihilation. The point is that for the positron
flux registered by PAMELA to be produced, the annihi-
lation cross section must be so large that the gamma-ray
signal from dwarf galaxies and clusters should necessarily
be observed. This problem is to a great extent dependent
on the annihilating particle model, namely, on the pre-
dominant annihilation channels. In the simplest case of
the usual neutralino, the dark matter annihilation model
as an explanation of the PAMELA results can already
be excluded due to the absence of antiprotons and dis-
agreement with Fermi-LAT observations, but hypotheti-
cal variants with suppressed annihilation into gamma-ray
photons and antiprotons are still possible. For example,
the annihilation into lepton channels only was considered
in [265], and a model invoking the dark sector was stud-
ied in [266].
A sufficiently good correspondence of the calculations
with the ATIC data can be obtained in the annihilation
model for Kaluza-Klein particles with masses ≃ 620 GeV
[267]. It can be supposed that ATIC discovered a suffi-
ciently close clump in which annihilation occurs [268], or
the annihilation is under way in a dense density peak
around an intermediate-mass black hole. We note, how-
ever, that dark matter particles of one sort are unlikely
to simultaneously explain both PAMELA and ATIC re-
sults, although attempts have been made to develop a
unified model.
9.3. Alternative explanations
The simplest explanation of the positron excess ob-
served by PAMELA is provided by the assumption that
cosmic ray propagation and secondary generation models
are incomplete [269]. The corrected model in [269] corre-
sponds to the observed positron excess if the additional
positrons result from the annihilation of vino-like neu-
tralinos with masses of 180 GeV, which were produced
in the early Universe by a nonthermal mechanism [270].
The e+ excess registered by PAMELA together with
the absence of the corresponding antiproton excess can
be explained by the generation of electrons and positrons
in pulsars. However, these models encounter difficulties
because reproducing different parts of the e+ spectrum
requires assuming different pulsar model parameters; in
other words, to reach agreement with observations, the
summation of fluxes from several pulsars with different
properties is required. A similar explanation of the ATIC
results also meets with difficulties, since the electron
spectra generated by neutron stars and micro-quasars are
different from the observed one.
An interesting solution can be found in the framework
of the model of generation of an e+ excess in the processes
π+ → e++ ... during flares on dwarf main-sequence stars,
which are the most numerous stars in the Galaxy. It
is known from astronomical observations that low-mass
stars have quite unsteady photospheres, in which very
powerful flares, much more powerful than solar flares,
occur. Calculations [271,272] indicate that stellar flares
could reproduce the observed e+ excess. This model is
attractive because it does not postulate any new phe-
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nomena and is based only on the known astrophysical
processes.
Finally, a simple and elegant solution of the e+ ex-
cess problem is given in [273,274], where the secondary
positrons are assumed to be generated and accelerated by
cosmic-ray sources themselves. This model successfully
reproduces the observed e+ spectrum with no antiproton
excess and well-studied energy ranges. A concern may
arise only with nuclei and antiprotons at very high ener-
gies (> 100 GeV), although the reality of such concerns
has not been confirmed by specific calculations, and the
observational accuracy at these energies is still poor.
10. OTHER POSSIBLE OBSERVATIONAL
MANIFESTATIONS OF CLUMPS
10.1. Direct detection of dark matter particles.
Ministreams
The probability that Earth is now inside a dark matter
clump is estimated to be from 0.0001% [211] to 0.1% [68],
depending on the clump mass and the assumed perturba-
tion spectrum. If such a rare event is indeed taking place
now, the probability of direct and indirect dark matter
particle detection should be much higher [68].
It was concluded in [40, 203] that almost all clumps
in the Galaxy are tidally disrupted in interactions with
stars. As shown in Section 7.3, for a significant frac-
tion of clumps, tidal interactions with stars indeed lead
to stripping off their outer layers, i.e., to a substantial
mass loss, but this does not imply total clump destruc-
tion, because the clump cores can survive [83, 263]. The
stripped mass is transformed into “ministreams” of dark
matter [40, 203, 263]. For the direct experimental detec-
tion of dark matter, the ministreams are interesting be-
cause dark matter particles in them move along several
different discrete directions corresponding to the progen-
itor clumps before the destruction. According to [211],
presently some 102 − 104 ministreams may be crossing
Earth. The ministream formation and evolution during
clump destructions by stars were also addressed in [41].
Dark matter in the streams spreads in the space like a
broad tail, and therefore the probability of a ministream
colliding with Earth is much higher than that of the en-
tire clump crossing.
10.2. Registration of clumps by gravitational wave
detectors
It has been argued in some papers that the planned
gravitational-wave detectors like LISA (Laser Interfer-
ometer Space Antenna) can measure small variations
of the gravitational field caused by nearby flying com-
pact objects. LISA was supposed to search for PBHs
[275], asteroids [276], or compact dark matter objects
of an unknown nature [277]. Clumps can be included
into this list. A detectable signal is produced by the
tidal gravitational force, which changes the interferom-
eter arm length and, accordingly, causes a phase shift.
Using LISA, it is possible to search for compact objects
in the mass range 1016 g≤ M ≤ 1020 g according to
[275], or 1014 g≤ M ≤ 1020 g according to the cal-
culations in [277]. The signal is expected to consist of
single pulses with the characteristic frequency near the
low-frequency sensitivity limit of LISA, and the event
rate of these signals can be ∼ 1 per decade, assuming
that such objects constitute most of the dark matter.
In the usual scenario, the clump fraction is only 1%-
10% of all dark matter and hence the clump detection
rate should be 1-2 orders of magnitude lower. In ad-
dition, the radii of such clumps, as a rule, are much
larger than the LISA arm length L ≃ 5 × 1011 cm, and
therefore the tidal force amplitude is smaller. Hence,
the detection of standard clumps by LISA seems to be
unlikely. The next generation of gravitational-wave de-
tectors opens more possibilities (see [275] for more de-
tails). Superdense clumps, due to their compactness, eas-
ily meet the condition R < L ≃ 5× 1011 cm in the mass
range 1014 g≤ M ≤ 1020 g, and these clumps, if they
exist, can be detected by LISA.
10.3. Neutralino stars and microlensing
To explain microlensing events observed in the Galaxy
halo, Gurevich, Zybin, and Sirota were the first to pro-
pose the model of gravitationally bound noncompact
clumps (self-gravitating clumps) with a mass ∼ (0.01 ÷
1)M⊙ consisting of weakly interacting dark matter parti-
cles [166]. Because the main dark matter particle candi-
date was the neutralino, such clumps were dubbed “neu-
tralino stars”. It was also noted that the neutralino stars
produce a very strong annihilation signal even for a very
large core size, Rc ∼ 0.1R, and in order to not violate
the observational limits, the neutralino was postulated to
annihilate with a small cross section in a p-wave. Neu-
tralino stars with a very small core radius complying with
the annihilation limits were then considered in [177]; it
was shown that in this case, too, the annihilation signal
is expected to significantly exceed the observational con-
straints, even by assuming the minimum possible annihi-
lation cross section available in supersymmetry models.
The criterion for clump formation from adiabatic den-
sity perturbations with PBH constraints taken into ac-
count was improved in [88]. In particular, it was shown
there that to make compact gravitational lenses, the
clumps should be produced as early as at the radiation-
dominated stage (although at its end). Hence, neutralino
stars can be qualified as the superdense clumps consid-
ered in Section 3.3. For their formation, a maximum
should exist in the standard power-law density perturba-
tion cosmological spectrum. The results in Section 3.3
suggest that in the case of adiabatic perturbations, the
existence of such a maximum would inevitably lead to
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Figure 13. Upper bounds on the relative clumped dark mat-
ter fraction fcl = Ωcl/Ωm from microlensing MACHO obser-
vations, as well as from femto- and picolensing observations
of cosmic gamma-ray bursts [118].
the creation of a significant number of PBHs with masses
∼ 105M⊙ at the RD stage.
The authors of [166] also noted that the baryonic core,
if formed inside clumps, should modify the microlensing
light curve by the clumps. In later studies [157, 159,
160], the clumps were also regarded as microlensing ob-
jects. Two types of clumps were analyzed in [157]:mini-
halos around PBHs and clumps without central PBHs.
The substellar mass clumps in other galaxies can in the-
ory be detected in gravitational lensing observations of
quasars in these galaxies [279, 280]. Gravitational lens-
ing of type-Ia supernovae also yielded constraints on the
dark matter clumping [281]. Some clumping constraints
can also be derived from pulsar timing observations, be-
cause the gravitational field of clumps located near the
line of sight must produce delays in the time of arrival
of periodical signals from pulsars [282]. Figure 13 dis-
plays microlensing constraints obtained by the MACHO
(Massive Astrophysical Compact Halo Object) project,
as well as femto- and picolensing constraints obtained
from gamma-ray burst observations [118].
We note that the problem of microlenses has become
less relevant now because all microlensing events can be
explained by stars. However, the microlensing observa-
tions can be used to impose upper bounds on the num-
ber of PBHs and superdense dark matter clumps in some
mass ranges, thus constraining the primordial perturba-
tion spectrum on the corresponding scales.
As shown in [166], a clump can serve as a gravitational
lens and explain the observed microlensing events only if
its radius is less than 10 times the Einstein radius for this
object. This condition implies very stringent constraints
on the nonlinear compression of clumps. It turned out
[88] that clumps can be gravitational lenses only for the
high PBH formation threshold δth > 0.5 obtained in the
model of the critical gravitational collapse, whereas the
clump model of microlensing objects is excluded for lower
values of δth.
10.4. Baryons in clumps
Dissipative processes in the baryonic gas inside dark
matter clumps were studied in [166] and in the clumps
around PBHs, in [283]. It was concluded in [166] that the
settling of baryons toward the clump center causes the
dark matter density to increase as well, which enhances
its particle annihilation rate.
In addition, it was noted that the baryonic core mod-
ifies the microlensing light curve of the clumps. How-
ever, we note that it is hard to expect a noticeable bary-
onic flux toward substellar-mass clumps, because virial
temperatures in the clumps are too low for the effective
baryon cooling to operate. Additionally, due to Compton
scattering of CMB photons, baryons cannot be acceler-
ated to virial velocities in clumps; therefore, it is hard
to expect the enhancement of baryonic accretion at high
redshifts. In particular, baryons from almost homoge-
neous low-density surroundings can be accreting onto the
clumps around PBHs [283].
Sufficiently heavy clumps with masses ∼ 105− 106M⊙
that form potential wells into which baryons are col-
lected to form early population-III stars were studied in
[157,284]. These stars can be responsible for the reion-
ization of the Universe at z ≥ 10. The annihilation of
dark matter particles captured by a star in the central
part of a clump can significantly contribute to the energy
balance of the star and affect its evolution [285,286].
Clumps with masses M ≥ 10−3M⊙ can be manifested
in 21 cm atomic hydrogen line observations by producing
temperature fluctuations in the baryonic gas.
10.5. Motion of clumps on the celestial sphere
If a signal from nearby clumps is detected, it will be
possible to measure the proper motions of the clump in
the sky, as in astrometric observations of nearby stars
[69,72,288,289]. However, as shown in [289], the possi-
bility of observing proper motions is limited by annihila-
tion gamma-ray constraints from the galactic center and
other sources. The nearby clumps and their proper mo-
tion can be detected only for a large annihilation cross
section. But then the signal from other sources would
violate the existing observational bounds. However, we
note that this effect is strongly dependent on the sensitiv-
ity and angular resolution of gamma-ray telescopes, and
the calculation in [289] was done using the Fermi-LAT pa-
rameters. Clearly, with instrumental and observational
progress, it may be possible to simultaneously measure
the proper motion of clumps in the sky and annihilation
signals from different sources.
11. CONCLUSION
Small-scale dark matter clumps are interesting to
study for several reasons. These early formed objects
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can be the densest dark matter objects in the Universe;
therefore, the dark matter annihilation in these small-
scale clumps can be very effective. The clumps enable
the annihilation signal to be enhanced in galactic halos
by several times or even orders of magnitude. High den-
sities like those in the clumps can appear only in the cen-
tral dark matter cusps in galactic centers, if the density
growth is not stopped at some large radius, or in cusps
around central black holes. Thus, the clumps, if they
exist, open additional prospects for indirect dark matter
detection via the annihilation channel, which may help
solve one of the biggest modern mysteries: the nature of
dark matter.
If a signal from annihilating dark matter is detected,
it will be possible to study the dark matter distribu-
tion in greater detail and to obtain information on the
primordial perturbation spectrum, from which different-
scale structures were formed, as well as to clarify the
physics (shape of the scalar field potential or other char-
acteristics) of the inflation stage, when these perturba-
tions were generated. The clumps could shed light on
the small scales (in comparison with the galactic scale)
at which the perturbations were generated at the end of
the inflation stage.
Annihilation in clumps could change the thermal bal-
ance in the gas in the pre-galactic epoch and dramatically
affect the evolution of the first stars and hence the chem-
ical evolution of matter in galaxies, the number of PBHs,
etc. The physics of dark matter clumps is also concerned
with the problem of small-scale perturbation generation,
gravitational dynamics, dark matter particle properties,
and the annihilation product effects in the clumps; it is
a truly interdisciplinary field of modern astrophysics and
cosmology.
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